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PROBABILITY

Probabilityisthebranchofmathematicsconcerningnumerical

descriptionsofhowlikelyaneventistooccurorhowlikelyitis

thatapropositionistrue.Probabilityisanumberbetween0and1,

where,roughlyspeaking,0indicatesimpossibilityand1indicates

certainty.[note1][1][2]Thehighertheprobabilityofanevent,the

morelikelyitisthattheeventwilloccur.Asimpleexampleisthe

tossingofafair(unbiased)coin.Sincethecoinisfair,thetwo

outcomes("heads"and"tails")arebothequallyprobable;the

probabilityof"heads"equalstheprobabilityof"tails";andsinceno

otheroutcomesarepossible,theprobabilityofeither"heads"or

"tails"is1/2(whichcouldalsobewrittenas0.5or50%).

Theprobabilitiesofrollingseveralnumbersusingtwodice.



Typesofprobability

Therearethreemajortypesofprobabilities:

TheoreticalProbability

ExperimentalProbability

AxiomaticProbability

TheoreticalProbability

Itisbasedonthepossiblechancesofsomethingtohappen.The

theoreticalprobabilityismainlybasedonthereasoningbehind

probability.Forexample,ifacoinistossed,thetheoretical

probabilityofgettingheadwillbe½.

ExperimentalProbability

Itisbasedonthebasisoftheobservationsofanexperiment.The

experimentalprobabilitycanbecalculatedbasedonthenumber

ofpossibleoutcomesbythetotalnumberoftrials.Forexample,if

acoinistossed10timesandheadsisrecorded6timesthen,the

experimentalprobabilityforheadsis6/10or,3/5.

AxiomaticProbability

Inaxiomaticprobability,asetofrulesoraxiomsaresetwhich

appliestoalltypes.TheseaxiomsaresetbyKolmogorovandare

knownasKolmogorov’sthreeaxioms.Withtheaxiomatic

approachtoprobability,thechancesofoccurrenceornon-

occurrenceoftheeventscanbequantified.Theaxiomatic

probabilitylessoncoversthisconceptindetailwithKolmogorov’s

threerules(axioms)alongwithvarious



TypesofEvents

Thetossofacoin,throwofadiceandlotterydrawsareall

examplesofrandom events.

Events

Whenwesay"Event"wemeanone(ormore)outcomes.

ExampleEvents:

GettingaTailwhentossingacoinisanevent

Rollinga"5"isanevent.

Aneventcanincludeseveraloutcomes:

Choosinga"King"from adeckofcards(anyofthe4Kings)is

alsoanevent

Rollingan"evennumber"(2,4or6)isanevent

Eventscanbe:-

Independent(eacheventisnotaffectedbyotherevents),

Dependent(alsocalled"Conditional",whereaneventisaffected

byotherevents)

MutuallyExclusive(eventscan'thappenatthesametime)

Let'slookateachofthosetypes.

IndependentEvents

Eventscanbe"Independent",meaningeacheventisnotaffected

byanyotherevents.



Thisisanimportantidea!Acoindoesnot"know"thatitcameup

headsbefore...eachtossofacoinisaperfectisolatedthing.

Example:Youtossacointhreetimesanditcomesup"Heads"

eachtime...whatisthechancethatthenexttosswillalsobea

"Head"?

Thechanceissimply1/2,or50%,justlikeANYOTHERtossofthe

coin.

Whatitdidinthepastwillnotaffectthecurrenttoss!

Somepeoplethink"itisoverdueforaTail",butreallytrulythenext

tossofthecoinistotallyindependentofanyprevioustosses

DependentEvents

Butsomeeventscanbe"dependent"...whichmeanstheycanbe

affectedbypreviousevents.

Example:Drawing2Cardsfrom aDeck

Aftertakingonecardfrom thedecktherearelesscardsavailable,

sotheprobabilitieschange!

Let'slookatthechancesofgettingaKing.

Forthe1stcardthechanceofdrawingaKingis4outof52

Butforthe2ndcard:

Ifthe1stcardwasaKing,thenthe2ndcardislesslikelytobea



King,asonly3ofthe51cardsleftareKings.

Ifthe1stcardwasnotaKing,thenthe2ndcardisslightlymore

likelytobeaKing,as4ofthe51cardsleftareKing.

MutuallyExclusive

MutuallyExclusivemeanswecan'tgetbotheventsatthesame

time.

Itiseitheroneortheother,butnotboth

Examples:

TurningleftorrightareMutuallyExclusive(youcan'tdobothat

thesametime)

HeadsandTailsareMutuallyExclusive

KingsandAcesareMutuallyExclusive

Whatisn'tMutuallyExclusive

KingsandHeartsarenotMutuallyExclusive,becausewecan

haveaKingofHearts!



Basicrulesofprobability

IfAandBaretwoevents,then;

P(A∪B)=P(A)+P(B)−P(A∩B)

P(A∩B)=P(B)⋅P(A|B)

Question:-Findtheprobabilityofrollinga‘3withadie.’

Solution:

SampleSpace={1,2,3,4,5,6}

Numberoffavourableevent=1

Totalnumberofoutcomes=6

Thus,Probability,P=1/6

Question:-Drawarandom cardfrom apackofcards.Whatisthe



probabilitythatthecarddrawnisafacecard?

Solution:

Astandarddeckhas52cards.

Totalnumberofoutcomes=52

Numberoffavourableevents=4x3=12(consideredJack,

QueenandKingonly)

Probability,P=NumberofFavourableOutcome/TotalNumberof

Outcomes=12/52=3/13.

Question:-Avesselcontains4blueballs,5redballsand11

whiteballs.Ifthreeballsaredrawnfrom thevesselatrandom,

whatistheprobabilitythatthefirstballisred,thesecondballis

blue,andthethirdballiswhite?

Solution:Theprobabilitytogetfirstballisredorthefirsteventis

5/20.

Now,sincewehavedrawnaballforthefirsteventtooccur,then

thenumberofpossibilitiesleftforthesecondeventtooccuris20

–1=19.

Hence,theprobabilityofgettingsecondballasblueorthesecond

eventis4/19.

Againwiththefirstandsecondeventoccurred,thenumberof

possibilitiesleftforthethirdeventtooccuris19–1=18.

Andtheprobabilityofthethirdballiswhiteorthirdeventis11/18.



Therefore,theprobabilityis5/20x4/19x11/18=44/1368=

0.032.

OrwecanexpressitasP=3.2%.

Question:-Twodicearerolled,findtheprobabilitythatthesum is:

equalto1

equalto4

lessthan13

Solution:

1)Tofindtheprobabilitythatthesum isequalto1wehaveto

firstdeterminethesamplespaceSoftwodiceasshownbelow.

S={(1,1),(1,2),(1,3),(1,4),(1,5),(1,6)

(2,1),(2,2),(2,3),(2,4),(2,5),(2,6)

(3,1),(3,2),(3,3),(3,4),(3,5),(3,6)

(4,1),(4,2),(4,3),(4,4),(4,5),(4,6)

(5,1),(5,2),(5,3),(5,4),(5,5),(5,6)

(6,1),(6,2),(6,3),(6,4),(6,5),(6,6)}

1)LetEbetheevent“sum equalto1”.Since,thereareno

outcomeswhichwhereasum isequalto1,hence,

P(E)=n(E)/n(S)=0/36=0

2)Threepossibleoutcomesgiveasum equalto4suchas;

E={(1,3),(2,2),(3,1)}



Hence,P(E)=n(E)/n(S)=3/36=1/12

3)From thesamplespace,wecanseeallpossibleoutcomes,E=

S,giveasum lessthan13.Like:

(1,1)or(1,6)or(2,6)or(6,6).Soyoucanseethelimitofanevent

tooccuriswhenbothdieshavenumber6,i.e.(6,6).Hence,

P(E)=n(E)/n(S)=36/36=1

TheAdditionRule

Theadditionrulestatestheprobabilityoftwoeventsisthesum

oftheprobabilitythateitherwillhappenminustheprobabilitythat

bothwillhappen

AdditionLaw

AorBwilloccuristhesum oftheprobabilitiesthatAwillhappen

andthatBwillhappen,minustheprobabilitythatbothAandB

willhappen.Theadditionruleissummarizedbythe.

formula:P(A∪B)=P(A)+P(B)−P(A∩B)



Considerthefollowingexample.Whendrawingonecardoutofa

deckof52playingcards,whatistheprobabilityofgettingheartor

afacecard(king,queen,orjack)?LetHdenotedrawingaheart

andFdenotedrawingafacecard.Sincethereare13heartsanda

totalof12facecards(3ofeachsuit:spades,hearts,diamonds

andclubs),butonly3facecardsofhearts,weobtain:

P(H)=13/52

P(F)=12/52

P(F∩H)=3/52

Usingtheadditionrule,weget:

P(H∪F)=P(H)+P(F)−P(H∩F)=13/52+12/52−3/52

Thereasonforsubtractingthelastterm isthatotherwisewe

wouldbecountingthemiddlesectiontwice(sinceHandF

overlap).

AdditionRuleforDisjointEvents

SupposeAandBaredisjoint,theirintersectionisempty.Thenthe

probabilityoftheirintersectioniszero.Insymbols:

P(A∩B)=0

.Theadditionlawthensimplifiesto:

P(A∪B)=P(A)+P(B)

whenA∩B=∅



Thesymbol∅representstheemptyset,whichindicatesthatin

thiscaseAandB

donothaveanyelementsincommon(theydonotoverlap).

KeyPoints

Theadditionruleis:

P(A∪B)=P(A)+P(B)−P(A∩B).

Thelastterm hasbeenaccountedfortwice,oncein

P(A)andonceinP(B),soitmustbesubtractedoncesothatitis

notdouble-counted.IfAandBaredisjoint,

thenP(A∩B)=0

,sotheformulabecomes

P(A∪B)=P(A)+P(B).

KeyTerms

probability:Therelativelikelihoodofaneventhappening.

EXAMPLE:

Supposeacardisdrawnfrom adeckof52playingcards:whatis

theprobabilityofgettingakingoraqueen?LetArepresentthe

eventthatakingisdrawnandBrepresenttheeventthataqueen

isdrawn.Thesetwoeventsaredisjoint,sincetherearenokings

thatarealsoqueens.Thus:

P(A∪B)=P(A)+P(B)=4/52+4/52=8/52=2/13



TheMultiplicationRule

ThemultiplicationrulestatesthattheprobabilitythatAandB

bothoccurisequaltotheprobabilitythatBoccurstimesthe

conditionalprobabilitythatAoccursgiventhatBoccurs

Themultiplicationrulecanbewrittenas:

P(A∩B)=P(B)⋅P(A|B).

Weobtainthegeneralmultiplicationrulebymultiplyingbothsides

ofthedefinitionofconditionalprobabilitybythedenominator.

samplespace:Thesetofallpossibleoutcomesofagame,

experimentorothersituation.

TheMultiplicationRule



SwitchingtheroleofAandB,wecanalsowritetheruleas:

P(A∩B)=P(A)⋅P(B|A)

Weobtainthegeneralmultiplicationrulebymultiplyingbothsides

ofthedefinitionofconditionalprobabilitybythedenominator.

Thatis,intheequation

P(A|B)=P(A∩B)P(B)

,ifwemultiplybothsidesby

P(B),weobtaintheMultiplicationRule.

Theruleisusefulwhenweknowboth

P(B)andP(A|B),orbothP(A)andP(B|A).

EXAMPLE:-

SupposethatwedrawtwocardsoutofadeckofcardsandletA

betheeventthethefirstcardisanace,andBbetheeventthat

thesecondcardisanace,then:

P(A)=4/52

And:

P(B|A)=3/51

Thedenominatorinthesecondequationis51sinceweknowa

cardhasalreadybeendrawn.Therefore,thereare51leftintotal.

Wealsoknowthefirstcardwasanace,therefore:

P(A∩B)=P(A)⋅P(B|A)=4/52.3/51=0.0045

IndependentEvent



NotethatwhenAandBareindependent,wehavethat

P(B|A)=P(B),sotheformulabecomes

P(A∩B)=P(A)P(B)

,whichweencounteredinaprevioussection.Asanexample,

considertheexperimentofrollingadieandflippingacoin.The

probabilitythatwegeta2onthedieandatailsonthecoinis

1/6⋅1/2=1/12

,sincethetwoeventsareindependent

Independence

Tosaythattwoeventsareindependentmeansthatthe

occurrenceofonedoesnotaffecttheprobabilityoftheother.

IndependentEvents

Inprobabilitytheory,tosaythattwoeventsareindependent

meansthattheoccurrenceofonedoesnotaffecttheprobability

thattheotherwilloccur.Inotherwords,ifeventsAandBare

independent,thenthechanceofAoccurringdoesnotaffectthe

chanceofBoccurringandviceversa.Theconceptof

independenceextendstodealingwithcollectionsofmorethan

twoevents.Twoeventsareindependentifanyofthefollowingare

true:

P(A|B)=P(A)

P(B|A)=P(B)

P(AandB)=P(A)⋅P(B)



Toshowthattwoeventsareindependent,youmustshowonly

oneoftheconditionslistedabove.Ifanyoneoftheseconditions

istrue,thenallofthem aretrue.

Translatingthesymbolsintowords,thefirsttwomathematical

statementslistedabovesaythattheprobabilityfortheeventwith

theconditionisthesameastheprobabilityfortheeventwithout

thecondition.Forindependentevents,theconditiondoesnot

changetheprobabilityfortheevent.Thethirdstatementsaysthat

theprobabilityofbothindependenteventsAandBoccurringis

thesameastheprobabilityofAoccurring,multipliedbythe

probabilityofBoccurring.

Asanexample,imagineyouselecttwocardsconsecutivelyfrom

acompletedeckofplayingcards.Thetwoselectionsarenot

independent.Theresultofthefirstselectionchangesthe

remainingdeckandaffectstheprobabilitiesforthesecond

selection.Thisisreferredtoasselecting“withoutreplacement”

becausethefirstcardhasnotbeenreplacedintothedeckbefore

thesecondcardisselected.

However,supposeyouweretoselecttwocards“with

replacement”byreturningyourfirstcardtothedeckandshuffling

thedeckbeforeselectingthesecondcard.Becausethedeckof

cardsiscompleteforbothselections,thefirstselectiondoesnot

affecttheprobabilityofthesecondselection.Whenselecting

cardswithreplacement,theselectionsareindependent.

EXAMPLE:-



Whenflippingacoin,whatistheprobabilityofgettingtails5

timesinarow?

Recallthateachcoinflipisindependent,andtheprobabilityof

gettingtailsis1/2foranyflip.Alsorecallthatthefollowing

statementholdstrueforanytwoindependenteventsAandB:

P(AandB)=P(A)⋅P(B)

Finally,theconceptofindependenceextendstocollectionsof

morethan2events.Therefore,theprobabilityofgettingtails4

timesinarowis:

1/2⋅1/2⋅1/2⋅1/2=1/16


