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Infinite Square Well Potential

¢ The simplest such system is that of a particle trapped in a box with infinitely hard walls that
the particle cannot penetrate. This potential is called an infinite square well and is given by

V(x) _ {6.0 x<0,x>L

O<x< L
¢ Clearly the wave function must be zero where the potential is infinite.

** Where the potential is zero inside the box, the Schrédinger wave

id O2mE
lIlz——'lfz—kz'// where k=~2mE/h*,

equation becomes Ty
q 2 h2

< The general solutionis  w(x) = Asmkx + Bcoskx



Quantization

¢ Boundary conditions of the potential dictate that the wave function must be zeroat x =0 and x =
L. This yields valid solutions for integer values of n such that kl = nz.

* The wave function is now w,(x) = Asin (@]

+» \We normalize the wave function

[“ v, ac-1 2 J‘

0

L

. nex
sin?| 225 | dx =1
L
+* The normalized wave function becomes

w,(x)= \/% sin [}%}

+¢ These functions are identical to those obtained for a vibrating string with fixed ends.



The quantized wave number now becomes

Quantized Energy

Solving for the energy yields

kn:”_”:
L
(n=12,3,..)

Note that the energy depends on the integer values of n. Hence the energy is
quantized and nonzero.

°h’

The special case of n = 0 is called the ground state energy. k) = _2m 72
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Bound States Of The Square Well

1 11 11

) _ _ -V,, for—a<x<a
< Consider the potential ~ V(x)=
0, for|x|>a

< This is a "square" well potential of width 2a and depth V|,



Bound States Of The Square Well

Region | and IlI:
B
2m dx’
4%y _2m
dx®  #°

= —E¥(x)

11 111

-Vo

Region Il:

n® d*w
- % dx—2 =5 VO\P(X) = —ELP(X)

d?¥ 2m
LY 2y, -l

|2 — 2m(V0 o E)
= h2
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\I'e/solutions are, in general:
\/ *Region I: 'g_,l'f-[t] = A Elp[—ﬁ'_r] + B EHPEIIL_’-{# (x) = E{.‘”'.: ftor x = —ua.

'

Region II: Yrix) = Csin{lx) 4+ D cos(lx), for —a < x = a,
‘Region lll:  rix) = Fexp(—xx) + Gexplex),— Wix) = Fe ™%, forx = a.
In these the A's, B's and C's are constants.

Potential is even function, therefore the solutions can be even or odd. For even solution:

Fe &%, for x = a,
wix) =4 Dcos(lx), forQ-=x <y,
Y —x), for x = ().

The continuity of ¢ {x), 4l x = a, says

Fe ™% = Deosila)l,

and the continuity of dr/dx, says — » & =ltan{la).
—x Fe™9 = —IDsin(la).

K and | are functions of E, so v = I tan(la). Is formula for allowed energies.
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Bound States Of The Square Well

s
k= [ tan(la). z=la, and zp= }Tf 2m V.
]
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FIGURE 2.18: Graphical solution to Equation 2.156, for 2 = 8 (even states),



Wide, Deep Well

n/2 n 3n/2 2mn 5n/2 z

FIGURE 2.18: Graphical solution to Equation 2.156, for zg = 8 (even states),
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Infinite square well energies
for well width of 2a.

This is half the energy, the others come from the odd wave functions.



SHALLOW NARROW WELL
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FIGURE 2.18: Graphical solution to Equation 2.156, for z( = 8 (even states).
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tanz=.—2+1 z=la, and zp= —+2mV).
72 Y

As z, decreases, fewer bound states, until finally, )for zo < /2, the
lowest odd state disappears) only one bound state remains.

There is one bound state no matter how weak the well becomes.



Finite Well Energy Levels

N
(e (= )
' n=6,888eV |
Ulj': GdeV
n=5, 61.7 eV n= 6, 63.3 eV
The energy levels for an
n=5, 46.7 eV electron in a potential well of
n= 4, 39.5 gV depth 64 eV and width 0.39 nm
n=4, 30.5 eV are shown in comparison with
n=3, 22.2 aV the energy levels of an infinite
=5, 1.04.0V well of the same size.
rl: E, Q-E? E'Illll n= E, ?-?El E"l."'
n=1, 2.47 eV n=1, 1.85 eV
Infinite well Finite well CJ
le— 0.39 nrm—|
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Particle In Finite Walled Box

For the finite potential

solution to the

U7 gives a wavefunction
exponentially decaying penetration
Into the classically forbidden region.

Confining a particle to a smaller space

requires a larger

well
those for the

Since the wavefunction penetratlon
effectively "enlarges the box", the finite
lower than


http://hyperphysics.phy-astr.gsu.edu/hbase/quantum/pfbox.html
http://hyperphysics.phy-astr.gsu.edu/hbase/quantum/schr.html
http://hyperphysics.phy-astr.gsu.edu/hbase/quantum/pbox.html
http://hyperphysics.phy-astr.gsu.edu/hbase/quantum/schr.html
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