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Topic: Positive Operators
Definition: A self-adjoint operator T on a Hilbert space
H is said to be positive if (Tx,x) >0 V x € H.

Example: Identity (I) and zero(O) operators are both
positive operator .

we know that I and O are self-adjoint operators.
Alsowe have V x € H
(Ix,x) = (x,x) = ||x||> = 0 and
(0x,x) = (0,x) = 0.

Hence I and O are positive operators.



Theorem: If T is a operator positive on a Hilbert space
H,then I + T is non-singular.

Proof : To prove I + T is non-singular we have to show
that I 4+ T is one- one onto as a mapping of H to itself.

[ + T isone-one: Letx,y € H such that
I+T)x={U+T)y
=>(I+T)x—{U+T)y=0
=>(I+T)(x—y)=0
> +T)(a) =0 [wherea =x —y]
=>la+Ta=0
>Ta= —«a
So (Ta,a) = (—a,a) = —||a||?
Now T is a operator positive
So (Ta,a) =0
= —|lal* = 0
= |la]|* <0
= |lall* =0

>a=0 =2x—y=0=>x=y.



Hence [ + T is one- one.
To prove I + T is onto.
Let M be therangeof I + T.
We show that M = H. First we show that M is closed.
For any vector x € H we have
1T+ Dx||? = ||Ux + Tx)||?
= ||x + Tx||?
=(x+Tx,x+Tx)
= (x,x) + (Tx,x) + (x,Tx) + (Tx, Tx)

2+ |ITx]||? + (Tx,x) + (Tx, x)

:lx

2+ ||ITx||? + 2(Tx, x) [as (Tx,x) is real]

=|x

\Y

|x||?
Thus ||x||? < ||(I + T)x||?

Hence [|x|| < || + T)x|| V x € H.
Now let (({ + T) x,,) be a chauchy sequence in M.

Then we have forallm,n € N

”xm _ xn” < ”(I + T)(xm _ xn)”



< +T)(xm) — U +T)x)|| > 0
= ||x,;, — x,]|| = 0so (x,) be achauchy sequence in H

Hhence there exists x € H such that x,, — x.

lim[(I+T)x,]=U+T) (lim xn)

n—oo n—-oo
={U+T)xeM
So M is complete therefore it is closed .

Now suppose that M # H then M is a proper closed
subspace of H hence there exists a non zero vector

Xo In H such that x, is orthogonal to M.
Since (I + T)xy, €M
Hence 0 = ((I + T)xg,x0) = (Ixg + T x¢,%g)
= (xo +T x0,%)
= (x0,%0) + (T x0,%0)
= —|lxo [I* = (T x9,%0) = 0
=[x |2 <0

:>X()2:O

= xo =0



= xO = O
This is a contradiction hence we must have M = H.

Therefore I + T is onto.

END.



