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Topic:Theorems on operator and self- adjoint operators.
Theorem: If T is an operator on a Hilbert space H,
thenT =0 & (Tx,y) =0 V x,y € H.
Proof: Suppose that T = O then for all x,y € H.
We have (Tx,y) = (Ox,y) = (0,y) = 0.
Conversely,
Suppose that (Tx,y) =0 V x,y € H.
Then (Tx,Tx) =0V x,€ H. [takingy = Tx]
>Tx=0 V x, €H.
=>T=0.



Theorem: If T is an operator on a Hilbert space H,
thenT =0 © (Tx,x) =0 V x € H.
Proof: Suppose that T = O then for all x € H.
We have (Tx,x) = (0Ox,x) = (0,x) = 0.
Conversely,
Suppose that (Tx,x) =0 V x € H.
We have forallscalarsaand f,andV x,y € H
0 = (T(ax + By), ax + By)
= (aTx + BTy, ax + By)
= a(Tx,ax + By) + B(Ty, ax + By)
= aa(Tx,x) + aB(Tx,y) + Ba(Ty,x) + B B(Ty,y)
= aB(Tx,y) + Ba(Ty,x) [since (Tx,x) =0 V x € H]
aB(Tx,y) + Ba(Ty,x) =0........(1)
This is true for all scalarsa and f,and V x,y € H.
Soputting a=1and f =1 in (1) we get
(Tx,y) + (Ty,x) =0........(2)
Again putting a =iand f =1 in (1) we get



i(Tx,y) —i(Ty,x) =0........(3)
multiplying (2) by i and adding (3) we get
2i(Tx,y) =0 V x,yEH
= (Tx,y)=0 V x,y €H
= (Tx,Tx) =0 V x€H takingy =Tx
= (Tx,x) =0 Vx€EH
=>T=0.
Theorem: If T is an operator on a Hilbert space H,
then T is self- adjointe (Tx, x)isreal V x € H.
Proof : suppose that T is self- adjoint operator on H.
SoT"=T

ThenV x € H we have

(Tx,x) = (x,T*x) = (x,Tx) = (x,Tx)
Hence (Tx,x)isreal V x € H.

Conversely suppose that (Tx,x)isreal V x € H.

(Tx,x) = (Tx, x)

=(x,T*x) =(T*x,x)V x € H.



= (Tx,x)—(T"'x,x) =0 V x€H

=>Tx—T'%x,x)=0 Vx€EH

>((T-THxx)=0 Vx€EH
>T-T"=0=>T=T"

T is self- adjoint operator on H.

END.



