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Theorem: The adjoint operation T — T on B(H) has the
following properties:

(UM +T) =T + T,
(2) (aT)* = aT™,
(3) (ThT2)" =TTy,
(4)T™ =T,
G T =TIl ,
@) IT*TI = IITII* .
Proof: we have for every x,y € H

(X, (Tl + TZ)*y) — ((Tl + TZ)xr y)



= (Tix + Tzx,y)
= (Tix,y) + (T2x, y)
= (,Tiy) + (x, T2y)
=Ty +T2y)
= (x,(T{ +T2)y)
By uniqueness of adjoint operator we get
(T, +T,) =T +T, .
(2) wehaveforevery x,y € H
(x, (aT)"y) = ((aD)x,y) = (a(Tx),y)
=a(Tx,y) =alx,T"y) = (x,(@T")y)
By uniqueness of adjoint operator we get
(aT)* = aT".
(3) wehaveforevery x,y € H
(x, (T1T2)"y) = (T1T2)x, y)
= (T1(T2x), y)
= (Tyx,T{y)
= (x, T (T1y)



= (x,(T;T1)y)
By uniqueness of adjoint operator we get
(I T2)" =T, Ty.
(4) we haveforevery x,y € H
x,Ty) = (x,(T")'y) = (T"x,y)
=, Tx)

= (Ty,x) = (x,Ty)

By uniqueness of adjoint operator we get

T =T.
(5) wehaveforevery y € H
IT*y|I> = (T y,T* y)
=TT y,y)
= [ITT" yllllyIl

=< [ITIHIT* 1yl
IT* ¥l = IT|lllyll  forall y € H.

17"yl
Iyl

< ||IT|| forall y € Hwith y# 0



IT* vl
Sup(-—=:y € H,y # 0} < T

S0 |IT* | € IT[own-(i)

Applying the result (i) to T" in place of T we have
T = IIT" |
= |IT™l < IIT" |
= ||T|| < ||IT" | ......(ii)
From (i) and (ii) we get
1T =TIl
(6) we have
IT*TI < IT* [T
<|ITIIITIl  [Since [T*|| = IITIl]

<|IT|® ... (iii)

we have forevery x € H
ITx||? = (Tx, Tx)
= (T*"Tx,x))
= [IT"Tx]|[|x]|
< T [l [{] ]l



ITx||> < ||IT*T||||x||?> forevery x € H .....(iv)
Now [IT|l = Sup{lITx||: ||x]| < 1}
So |IT||* = [Sup{lITxll: [lx]| < 1}]°

= Sup{IITx||? :llx|| < 1}

From (iv) we see thatif ||x|| < 1
Then ||Tx||? < ||T*T||
So Sup{l|Tx||* :llx|| < 1} < |IT*T|
ITII? < |IT*T]| ......(v)
From (iii) and (v) we get

IT*TI = ITII* .
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