
                        e-content (lecture-10) 

                                          by 

                     DR ABHAY KUMAR (Guest Faculty)  

                     P.G. Department of Mathematics 

                           Patna University Patna 

       MATH SEM-3 CC-11 UNIT-4 (Functional Analysis)   

Topic: 𝑩𝒆𝒔𝒔𝒆𝒍′𝒔 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 . 

Theorem : If {𝑒1, 𝑒2, … . 𝑒𝑛} be a finite orthonormal set in 

a Hilbert space H and 𝑥 be any vector in H ,then  

(a) ∑ |(𝑥, 𝑒𝑖)|2 ≤ ‖𝑥‖2𝑛
𝑖=1   

  [called 𝐵𝑒𝑠𝑠𝑒𝑙′𝑠 𝐼𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 for finite orthonormal set] 

(b) 𝑥 − ∑ (𝑥, 𝑒𝑖)𝑛
𝑖=1 𝑒𝑖 ⊥ 𝑒𝑗  𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑗.                              

Proof of (a): Let 𝛼𝑖 = (𝑥, 𝑒𝑖) 𝑓𝑜𝑟 𝑖 = 1,2 … 𝑛 .              

  Then  0 ≤ ‖𝑥 − ∑ 𝛼𝑖𝑒𝑖‖2𝑛
𝑖=1      

                    =  (𝑥 − ∑ 𝛼𝑖𝑒𝑖 , 𝑥 − ∑ 𝛼𝑖𝑒𝑖),𝑛
𝑖=1

𝑛
𝑖=1                    

                      =(𝑥, 𝑥) − ∑ 𝛼𝑗(𝑥, 𝑒𝑗) −𝑛
𝑗=1 ∑ 𝛼𝑖(𝑒𝑖 , 𝑥) +𝑛

𝑖=1

                                                                  ∑ ∑ 𝛼𝑖
𝑛
𝑗=1 𝛼𝑗(𝑒𝑖 , 𝑒𝑗)𝑛

𝑖=1   



 =(𝑥, 𝑥) −               ∑ 𝛼𝑗𝛼𝑗 −𝑛
𝑗=1 ∑ 𝛼𝑖𝛼𝑖 +𝑛

𝑖=1

                                                                  ∑ 𝛼𝑖 (∑ 𝛼𝑗
𝑛
𝑗=1 (𝑒𝑖 , 𝑒𝑗)) 𝑛

𝑖=1   

 =‖𝑥‖2 − ∑ |𝛼𝑗
𝑛
𝑗=1 |2 − ∑ |𝛼𝑖

𝑛
𝑖=1 |2 + ∑ 𝛼𝑖𝛼𝑖

𝑛
𝑖=1    

 [since (𝑒𝑖 , 𝑒𝑗) = 0  𝑓𝑜𝑟  𝑖 ≠ 𝑗] 

         =‖𝑥‖2 − ∑ |𝛼𝑗
𝑛
𝑗=1 |2   

        ⇒‖𝑥‖2 ≥ ∑ |𝛼𝑗
𝑛
𝑗=1 |2 

        ⇒∑ |(𝑥, 𝑒𝑖)|2 ≤ ‖𝑥‖2𝑛
𝑖=1   

 (b)  now we have  

         (𝑥 − ∑ (𝑥, 𝑒𝑖
𝑛
𝑖=1 )𝑒𝑖 , 𝑒𝑗) = (𝑥, 𝑒𝑗) −

∑ (𝑥, 𝑒𝑖
𝑛
𝑖=1 )(𝑒𝑖 , 𝑒𝑗) 

                                        =(𝑥, 𝑒𝑗) − (𝑥, 𝑒𝑗) 

                     [since (𝑒𝑖 , 𝑒𝑗) = 0  𝑓𝑜𝑟  𝑖 ≠ 𝑗] 

                                     =0  

              Hence   𝑥 − ∑ (𝑥, 𝑒𝑖)𝑛
𝑖=1 𝑒𝑖 ⊥ 𝑒𝑗  𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑗.   

                                          END.                              

                                             


