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Theorem : If {e4, €,, .... €, } be a finite orthonormal set in
a Hilbert space H and x be any vector in H ,then

(@) Xitql(x, e)? < |lx]|?
[called Bessel's Inequality for finite orthonormal set]

(b) x —Xi_1(x,e;)e; Lejforeach].
Proof of (a): Let a; = (x,¢;) fori=1,2..n.

Then 0 < flx — X1, e 2
= (X - ?:1 di€j, X — 7i1=1 aiei)r

=(x, %) — X7, @j(x, €5) — 2Py ai(eg, x) +

=1 Z?=1 a; aj (ei» ej)



=(x,x) — im1 o — X, aa; +
? 1 & ( j= 1“] (eu e]))

|2_ 1|a1|2+21 1““1

=[x = 71 1o
[since (e;,¢;) =0 for i #j]
=[lxll? = s lay |2

>lx)% = Xy | |2
=Yoo e))? < [Ix|I?

(b) now we have

(x — Xisi(x,e)e; e) = (x, e) —
1 (x,e)(ep €))
=(x,¢) — (x.¢)
[since (el-,ej) =0 for i #]J]
=0
Hence x — XL (x,e;)e; Lej foreachj.

END.



