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Topic: Theorem on the Hilbert Space.
Theorem: Let M be a closed linear subspace of a Hilbert

space H and let x be a vector in H-M and let d be
the distance from x to M

i.ed=inf{||lx — z||:z € M}.

Then there exists a unique vector y, in M such that
lx — yo || = d and y, is the unique vector of M

for which x — vy, is orthogonal to M.

Proof: Let x € H and d=inf{||x — z||: z € M}. then for
each positive integer n,there exists z,, € M such that

1
d<|lx—z,|| <d +-s0 the sequence ||x — z,, || = d



Since M is a subspace of H so it is convex set in H hence

Zntzim

Zn+Z
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Now by parallelogram law for z,, — x , z,,, — x we have
1(Zn = %) + (Zm = O* + [1(Zn — %) — (2 — )|
= 2||zp — x|I* + 2||z;m — x]|?
N|zn — zmll* = 2|1z — x|I* + 2||2p, — x|* —
1(Zn + zm) — 2x||?
< 2d? +2d? —4d? =0 as mn— oo.

So (z,) Is a Cauchy sequence in M and since M is
closed in complete space H so it is complete .Hence
there existsy, in M such that z,, = y,.Hence

X —2Zn = X = Yo=2|lx = zp|l = [lx = yoll.

|x — yoll=1lim ||x — z,|| = d thus there exists
n—->00

Yo in M such that ||x — y, || = d.

We have to show that vy, is the unique vector of M.

Let y, is a vector of M such that ||x — y, || = d.

+ +
ThenyozyleM. And hence Hx—yozyl

> d.



By parallelogram Law for y, — x,y; — x we have
1o — %) + 1 —OI* + | (yo — x) — (y1 — 0)|I?
= 2lyo — x|I* + 2[ly1 — x||?
1o = 111* < 2[lyo — xI1? + 2[ly1 — x||* — 4d?
<2d?+2d*-4d*=0
lyo = y1lI* <0
Thus ||yo — y1|| < 0. but||y, — y1|| = 0 so we have
lYo = ¥1ll = 0 hence yo —y, = 0=y =y,
Hence there exists a unique vector y, in M
such that ||x — y, || = d.
We have to show that x — vy, is orthogonal to M.
Letz € M with ||z || = 1 then

w=y,+ (x—1vy2)z €M and we have
lx = yoll> < llx —wll* = (x —w,x —w)

=|lx = yoll* = |(x = y0,2)|?
= |(x —y0,2)| = 0=(x — y4,2)=0

>X—YVolz



Hencex — vy, is orthogonal to M.

Conversely
let yo € M and x — y, is orthogonal to M.
then foranyz € M we have yo—z €M
Sothatx —yg Ly, — 2
Hence by pythagorian theorem
lx = z[|* = [|(x — ¥0) + (Vo — 2)||?

= IGx = yo)lI* + | (vo — 2)II?

Thus || x — yoll < llx — z|| if yy # z this show that
Yo IS unique in M.

END.



