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Topic: Theorem on Hilbert space
Theorem:
(Lemma of F.Riesz on closed convex set in a Hilbert space)
Let A be a closed convex set in a Hilbert space H .Then
there exists a unique vector xy € A such that
| xoll = |l yl| forevery y € A.

In other words, a closed convex subset in a Hilbert
space H contains a unique vevtor of smallest norm.

Proof: Let f = glb{|| x||: x € A}. Then for each
positive integer n ,there exists x,, € A such that

B | x,| £ +% Hence the sequence (x,)in A



Is such that || x,,|| = B. since A is convex so xm;xn EA

Xm+tXn
2

and hence || || = B by the parallelogram law

we get
1xm = xall? = 21xm 1 + 2% l1* = [l + 2217
< 2llxp|l? + 2llx, |17 —4B7
- 2%+ 2p% —4p% = 0asm,n - o,
Hence ||x,,, — x,|| = 0 asm,n — co.
So (x,,) is a Cauchy sequence in A.Since A is closed in
the complete metric space H. Hence A is also complete
so there exists x, € A such that x,, = x,. since the
norm is continuous function so ||x,|| = |[xo]| -
But || x,,|| = P Since the sequence has the unique limit
Hence ||xy|l = B. Thus xyis a vector in A with smallest
norm .
We have to show that xyis a unique vector in A.

Let xis an another vector in A different from x



XO+X1

Such that ||x{|| = B .Then €A

and hence || 222 = 5.

But by the parallelogram law we have

XotX1 2 _ o Xo 12 X1 2 _ g Xo—X1 2
| 222512 = g 202 4 g K2 — g B

1 1 .

< Zllxoll? +3 llay 1% (since [lg — 2, ]| > 0)
1,52 152 52

=2 B2+ p2=p>.

hence || 22| < B.

Which is contradiction because || xo;rxl | = B.

Hence xgyis a unique vector in A with smallest norm.
Theorem : Let M be a closed convex subset of a normed

linear space H and let x be a vector in H.Then x +M is
also a closed convex subset in H.

Proof:Let A= x +M={x + m: m EM}
)Lety,,y, EAand 0 < a < 1.Then
Y1 = X+my,y, = X+ m,forsomem;, m, € M.

ay; +(l—a)y, =a(x+my)+ (1 —-—a)(x+m,)



=x+ (am; + (1 —a)m,) € x+M
Since (am; + (1 —a)m,) € M and M is convex set

So x +Mis also a convex set since M is closed set and
sox +Mis a closed set thus A is closed and convex set in
H.

END.



