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Topic :   Bessel's Equation 

The differential equation of the form 
𝒅𝟐𝒚

𝒅𝒙𝟐
+

𝟏

𝒙
  
𝒅𝒚

𝒅𝒙
+ 𝒚 = 𝟎    …… 

(i) is called the Bessel's equation for 𝒏 =  𝟎  

Solution of the diff. equation  

 
𝒅𝟐𝒚

𝒅𝒙𝟐
+

𝟏

𝒙

𝒅𝒚

𝒅𝒙
+ 𝒚 = 𝟎    ………………. (i) 

Solution : Suppose that 

 

 

 

∴       
𝑑𝑦

𝑑𝑥
 =   𝑎𝑟(𝑘 + 𝑟)𝑥𝑘+𝑟−1

∞

𝑟=0

 

and       
𝑑2𝑦

𝑑𝑥2
=  𝑎𝑟 𝑘 + 𝑟  𝑘 + 𝑟 − 1 𝑥𝑘+𝑟−2

∞

𝑟=0

 

Putting these values in (i), we get 

 𝑎𝑟   𝑘 + 𝑟  𝑘 + 𝑟 − 1 𝑥𝑘+𝑟−2 +
1

𝑥
(𝑘 + 𝑟)𝑥𝑘+𝑟−1 + 𝑥𝑘+𝑟 = 0

∞

𝑟=0

 

or      𝑎𝑟   𝑘 + 𝑟 2𝑥𝑘+𝑟−2 + 𝑥𝑘+𝑟  = 0                    ………… . (2)

∞

𝑟=0

 

be the solution of (i) 

where 𝑎0 ≠ 0 𝑦 =  𝑎𝑟𝑥
𝑘+𝑟

∞

𝑟=0
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 Equating the coefficient of 𝑥𝑘−2, we get 

      𝑎0𝐾
2 = 0 

    𝑘2 = 0                          [ ∵   𝑎0 ≠ 0] 

  𝑘 = 0                          ……………… . . (3) 

Again, equating the coefficient of 𝑥𝑘−1 

We have 

𝑎1(𝑘 + 1)2 = 0                                [ ∵  from  3  𝑘 + 1 ≠ 0] 

   𝑎1 = 0 

Again, equating the coefficient of 𝑥𝑘+𝑟  

We have 

𝑎𝑟+2(𝑘 + 𝑟 + 2)2 + 𝑎𝑟 = 0 

∴   𝑎𝑟+2 = −
𝑎𝑟

(𝑘 + 𝑟 + 2)2
 

    𝑎𝑟+2 = −
𝑎𝑟

(𝑟 + 2)2
 

Putting 𝑟 = 1, 3, 5, …….. etc. 

We get 𝑎1 = 0,𝑎3 = 0,𝑎5 = 0,………. 

Again, putting 𝑟 = 0, 2, 4,…… . . 𝑒𝑡𝑐. 
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𝑎2 = −
𝑎0

22
 

𝑎4 = −
𝑎2

42
= −

𝑎0

22. 42
  …………. 

Since           𝑦 =  𝑎𝑟𝑥
𝑟                        (∵   𝑘 = 0)

∞

𝑟=0

 

∴ 𝑦 = 𝑎0  1 −
𝑥2

22
+

𝑥4

22. 42
−

𝑥6

22. 42. 62
………… . .  

If 𝑎6 = 1   Then, this solution is denoted by J0(𝑥) 

Thus J0 𝑥 =  1 −
𝑥2

22
+

𝑥4

22 .42
−

𝑥6

22 .42 .62
………… . .   

Where J0 𝑥   is called Bessel's function of Zeroeth order. 

Recurrence formulae 𝐉𝒏 𝒙  

Prove that  :-  (I)   𝒙. 𝐉𝒏
′  𝒙 = 𝒏. 𝐉𝒏 𝒙 − 𝒙. 𝐉𝒏+𝟏(𝒙)  

Proof :  We know that 

2

0

1
( ) .

( 1)
( 1)

2

n r

r

n
r

x
r n r

x
J








 

 
  

 
 

where 𝑛 is a positive integer. 

Differentiating w.r. to 𝑥, we get 
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             where 𝑟 − 1 = 𝑠 

= 𝑛 J𝑛 𝑥 − 𝑥J𝑛+1(𝑥) 

Hence,   𝑥 J𝑛
′  𝑥 = 𝑛J𝑛 𝑥 − 𝑥J𝑛+1(𝑥) 
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Prove that :- (II)    𝒙 𝐉𝒏
′  𝒙 = 𝒏 𝐉𝒏 𝒙 + 𝒙 𝐉𝒏−𝟏(𝒙) 

Proof : We know that 
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Diff.  w. r. to 𝑥 we get 

2 1

'

0

( 2 ) 1
( ) . .

2. ( 1)
( 1)

2

n r

n

n r
x

r n r

x
J

 






 

 

 
  

 

r

r

 

2

'

0

2
( ) . .

. ( 1)
( 1)

2

n r

n

n r
x

r n r

x
xJ








 

 

 
  

 

r

r

 

2

0

(2 2 )
. .

. ( 1)
( 1)

2

n r

n r n

r n r

x






 


 

 
  

 

r

r

 

2

0

1
. .

. ( 1)
( 1)

2

n r

n
r n r

x






 
 

 
  

 

r

r

 

2

0

2 2
. .

. ( 1)
( 1)

2

n r

n r

r n r

x









 

 
  

 

r

r

 

2 1

0

2( )
( ) . . .

2. ( 1)
( 1)

2

n r

n

n r x
nJ x

r n r

x
 





  
    

   

 
  

 

r

r

 



7 | P a g e  
 

2 1

0

1
( ) . .

. ( )
( 1)

2

n r

n
n x x

r n r

x
J

 





  


 
  

 

r

r

 

( 1) 2

1
( ) . .

. ( 1 1)
( 1)

2

n r

n
n x x

r n r

x
J

 

  
  

 
  

 

r

 

= 𝑛J𝑛 𝑥 + 𝑥J𝑛−1(𝑥) 

Hence  𝑥 J𝑛
′  𝑥 = −𝑛 J𝑛 𝑥 + 𝑥 J𝑛−1(𝑥)  

 

Prove that :-   (III)  2𝐉𝒏
′  𝒙 = 𝐉𝒏−𝟏 𝒙 + 𝐉𝒏+𝟏(𝒙) 

Proof : We know that 
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Diff  w.r. to 𝑥 we get 
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where     𝑟 − 1 = 𝑠

 
= J𝑛−1 𝑥 − J𝑛+1(𝑥) 

Hence,  2J𝑛
′  𝑥 = J𝑛−1 𝑥 − J𝑛+1(𝑥) 
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Prove that :    (IV)    𝟐𝒏 𝐉𝒏 𝒙 = 𝒙  𝐉𝒏−𝟏 𝒙 + 𝐉𝒏+𝟏(𝒙)  

Proof : We know that 
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 where     𝑟 − 1 = 𝑠 
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= 𝑥 J𝑛−1 𝑥 = 𝑥 J𝑛+1(𝑥)

 

Hence,  2𝑛 J𝑛 𝑥 = 𝑥  J𝑛−1 𝑥 + J𝑛+1(𝑥)  

 

Prove that :-   (V)  
𝒅

𝒅𝒙
 𝒙−𝒏. 𝐉𝒏(𝒙) = −𝒙−𝒏 𝐉𝒏+𝟏(𝒙) 

Proof :    
𝑑

𝑑𝑥
  𝑥−𝑛  J𝑛(𝑥)  

= −𝑛 𝑥−𝑛−1 J𝑛 𝑥 + 𝑥−𝑛  J𝑛
′ (𝑥) 

=  𝑥−𝑛−1  –n J𝑛 𝑥 + 𝑥  J𝑛
′ (𝑥)  

     =  𝑥−𝑛−1  – 𝑥 J𝑛+1 𝑥       (from Rcc. formual I) 

=  𝑥−𝑛    J𝑛+1 𝑥    

Hence,     
𝑑

𝑑𝑥
  𝑥−𝑛 J𝑛(𝑥) =  − 𝑥−𝑛 J𝑛+1(𝑥)  

 

Prove that:-   (VI)    
𝒅

𝒅𝒙
  𝒙𝒏 𝐉𝒏(𝒙) =   𝒙𝒏 𝐉𝒏−𝟏(𝒙) 

Proof :   
𝑑

𝑑𝑥
  𝑥𝑛  J𝑛(𝑥) =   𝑛𝑥𝑛−1 J𝑛 𝑥 + 𝑥𝑛  J𝑛

′ (𝑥)  

=   𝑥𝑛−1 n J𝑛 𝑥 + 𝑥𝑛 J𝑛
′ (𝑥)  

=   𝑥𝑛−1.  𝑥 J𝑛−1 𝑥     

  (from Rcc.  formula II) 
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=   𝑥𝑛  J𝑛−1 𝑥   

Hence    
𝑑

𝑑𝑥
  𝑥𝑛  J𝑛(𝑥) =   𝑥𝑛  J𝑛−1 𝑥  

Generating function for   𝐉𝒏(𝒙) 

Prove  that when 𝒏 is a positive integer  𝐉𝒏(𝒙)  is the coefficient 

of 𝒛𝒏 in the expansion of  𝒆
𝒙 𝒛−

𝟏

𝒛
 𝟐 

  in ascending and descending 

powers of z. Also prove that  𝐉𝒏(𝒙) is the coefficient of 𝒛−𝒏 

multiplied by (−𝟏)𝒏 in the expansion of  above expression.  

Proof :  Since    𝑒
𝑥 𝑧−
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So, the coefficient of 𝑧𝑛    this product 
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=   J𝑛(𝑥)  

Similarly, the coefficient of   𝑧−𝑛   in this product. 
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=  (−1)𝑛   J𝑛(𝑥)  

It proves. 


