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Topic : Bessel's Equation

The differential equation of the form — +i oy y=0

(i) is called the Bessel's equation forn = 0

Solution of the diff. equation

2
| S (i)

dx? | xdx

Solution : Suppose that

> be the solution of (i)
=Za fetr where ay # 0

r=0

dy _
i Zar(k + 1r)xktr=1

r=0
y k4+r—2
and T z (k+r)k+r—1Dx

Putting these values in (i), we get

N 1
z ay [(k + 1)k +r—1)xk+=2 4 ;(k + )kl 4 xk"’r] =0

Z a,[(k +7)2xktT=2 4 x4 =0

r=0

. (2)
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Equating the coefficient of x*~2, we get
agK? =0
= k?=0 [+ ag # 0]
= k=0 PR )

Again, equating the coefficient of x*~1

We have
a(k+1)%=0 [~ from (3) k+ 1 # 0]
= a1 = 0

Again, equating the coefficient of x*+"
We have

a,2k+7r+2)2+a.=0

. — ar
DA T T ¥ 2)2

a’T'
= e =Gy
Puttingr=1,3,5, ........ etc.

Wegeta; =0,a3 =0,a5 =0, ... ........

Again, puttingr = 0, 2,4, ........ etc.
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a, = —2—2
a, a
a, = _42 —22.42 .............
Since y = z a,.x" (v k=0)
r=0
x2 ¥ X6

If ag, = 1 Then, this solution is denoted by ], (x)

x4 X

xZ 6
Thus Jo () = (1 =5 + 55 = sy e - )

Where Jo(x) is called Bessel's function of Zeroeth order.

Recurrence formulae J,,(x)
Prove that :- (1) X Jn () = 1], (x) — x.J 41 (%)

Proof : We know that

_ r X n+2r 1
10-E0 5 | e

where n is a positive integer.

Differentiating w.r. to x, we get
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: > r n+2r 1 X e
J.00= ;(_l) Irl (n+r+1) E(Zj

L r (N+2r) X "
B0 SE )

. r . X n+2r
- rz—(;(_l) Irl (n+r+1) (2)
i y X n+2r-1
Y oz ]@

.1 A
=n]J n(><)+><rZ_1:(_1) =1l (n+r+1) (Zj

X n+2r-1

(n+1)+2
X
- —1=
=nJ (x)- xZ( 1) |_|_(n+1+s+1)(2j where r S

=n ]n (x) - x]n+1 (X)

Hence, xJ,(x) = nJ, (%) — XJn41 (%)

5|Page



Prove that :- N xJ,(x) =nJ,(x) + xJ,_1(x)

Proof : We know that

) % n+2r .
J . =§(_1) (2) '|_r_|_(n+r+l)

Diff. w.r. to x we get

. _00 1\ (n+2r) i é -
_Jn(x)_rzzc;( 1)'|_r_|_(n+r+1)2.(2j

. ‘ B o0 r n+2r 5 -
S XJ LX) = rZ;,(_:I-) el (n+r+1) ( 2]

) ) (2n+2r n) n+2r
_Z;( 1) |_|_(n+r+1)(2j

— _nZ(_l) |_|_(n+ r+1) [

n+2r
X
2
n+2r
2n+ 2r 5
2
2r-1

+§ (_1) rl (n+r+1)°

N Ayt 2(n+r) X o X
= an(X)+;( 1)'|_r_|_(n+r+1)'(2j (Zj
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X n+2r—1
=—n]J (X)+XZ( 1) |_|_(n+r)[2j

1

(n—-1)+2r
i X
=-nJ (0+x2 (=1 el (n-1+r+1) [ZJ

= n]n (X) + x]n—l (X)

Hence  xJ,(x) = —nJ,(x) + x J_1 (%)

Prove that :- (111) 20 (%) = Jpeq (%) + Jppi1 (%)

Proof : We know that

X n+2r
=J,00= Z( 1) |_|_(n+r+1)[2j

Diff w.r. to x we get

B Ny 2(n+2r) 1 X e
_2Jn(X)_ch:'( 1)'|_r.|_(n+r+1)'2(2)

= S W x)
:;(_1) Irl (n+r+2) (2)
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=> (D" ur((?, - rr)+1) ( )2( j
Z( D |_|_(n+ r+1) ( )2(j”+2’1
_ rZi;(—l)r. I_r.l_(i - ( )2( jmzfl
Y e (;j

2 r 1 X n—1+2r
:;( 1) -|_r|_(n_1+r+1).(2j

s 1 X n+1+2s
=0 sl (n+1+s+1) (ZJ
where
= Ja-1(0) = Ju1 ()

Hence, 2] (%) = Jpq (%) = Jpy1 ()

r—1=s
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Prove that : (V) 2nJ,(x) = x [Jn-1(%) + Jos1 (X)]

Proof : We know that

X n+2r
J ()= Z(_l) |_|_(n+r+1) (2]

. &y gy @n+2r-2r) [ X "
+.2nJ ”(X)_rz;‘( 1) el (n+r+1) (2)

) _ r 2(n+r) 5 n+2r
_Zi( 1)'|_r.|_(n+r+1)'(2j

. r or X n+2r
_rz(; (-1 Ir] (n+r+1) (2)
B r . X n-1+2r
B Xr=0 (_1) |_r|_(n —1+r-1) (2)

X n+2r-1
+XZ( l) |_]_|_(n+r+1)(2j

X n+2r-1
:XJ (X)+XZ( 1) |_|_(n+1+s+l) (2)

where r—1=s
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=X Jp—1(%) = X Jp41(x)

Hence: 2n ]n (X) = X[ ]n—l (X) + ]n+1 (X)]

Prove that :- (V) % [x ™ ], ()] = —x" i1 (X)
Proof : % [x™" ], (x)]
=—nx" () +x7" (%)

= x "1 [-nJ],(x) +x J,(®)]

= x7" [-x ] (0)] (from Rcc. formual 1)

= x7" [Jnp1 (0]

Hence, = @] = =X (0
Prove that:- (VI) % (X" ], ()] = x"J—-1(x)
Proof : % [x" ], ()] = nx" 1], (%) + x" (%)

= 2" nJ, (%) + x"Jn (0)]

= x"L x]n—l(x)

(from Rcc. formula I1)
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= x" ]n—l(x)
Hence = [x" ], ()] = x"J,1(x)

Generating function for J,,(x)

Prove that when n is a positive integer J,,(x) is the coefficient

1
of z" in the expansion of eX(72)/2

in ascending and descending
powers of z. Also prove that J,(x) is the coefficient of z™

multiplied by (—1)™ in the expansion of above expression.

Proof : Since ex(z_é)/z
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(_1)n+1 X n+l (_1)n+2 X n+2
+ |n_—|—l 22 + In;z 22 +.

So, the coefficient of z™* this product
n n+1
_Af X)) __1 (1] X
[n{ 2 n+12 2
2 n+2
1 1 X X
+ i — +nnnn.
n+2 [2 2 2

) (_1)0 X n+ (_1) X n+2
[+l 2 2 (n+2)| 2

DT (xYT
R
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: r 1 X n+2r
) rzz;‘ (_1) 1l (n+r+2) (2)

= Jo(x)

Similarly, the coefficient of z™™ in this product.

Nah) (xj (—1)”*1(x)_[><j”“
n {2) hxx (2)] 2

)
e

= (=D" Jn(x)

It proves.
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