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Obtain Lagrange’s differential equation for holonomic dynamical system

Proof: Let be the mass of the particle situated at
m; (X0, ¥i, Zi)

where external forces have component (X Y. Z)
| R R |

The components of reversed effective forces and external forces are

—m,-k,- + Xi' —mij'li + Yi'—miii + Zi



)

Let the system undergo a virtual displacement so that the changes in
are
(x4, yi,2;) (0x;, y;, 0z;)
The virtual workdone by reversal ffective forces and external forces at
is
(X0, Yi, Zi)
(—m;x; + X;)0x; + (—m;y; + Y;)0y;
+(—m,-2,- + Zi)azi
Hence, the total virtual work of the external forces and reversed effective

force is

2{(—mX; + X;)0x; + (—m;y; + Y;)0y;
+(—mi2i -+ Z,-)azi}



But ,the reversed effective forces and external forces constitute the

system in equilibrium.

so ,the sum of their virtual work shall be zero

ic{ (=mX; + X;)0x; + (—m;y; + Y;)0y;
+(—miii + Zi)azi} =0

o Yi—1m; (X;0x; + y;0y; + Z;0z;)
— Z?:l (Xi axi + Yiayi + Ziazi .................... (1)

Now,

X; =x;(91, 92, ... .. qn )
Yi =Yi(q1, 92, .. .. qpnt)

z; =2;(91, 92, - --qn t)

Then axi — \'n ox; aqr
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Now from R.H.S of equation (1),we have

z(Xiaxi + Yiay,- + Z,-(')Zl-
i=1

dy;
X;— Z; 0
zz{( laqr laqr-l_ laqr) qr

i=1r=

Interchanging the summation ,we get

E(Xiaxi +Y,dy; + Z,02)




where

n

0Q —Z(X 0% Ly i, 4 azi)
& \oq, Cdq, g,

and are called the generalised components of external forces.

Now
dxi .
=X
dt ~ 1
ax,- - axi + + axi .
=3 41 T3 q2T " q
99, a9 aq, "
- dx; | N dx;
g, " T dt
So we have% — 0Xi .. (3)
aq, aqy
AIsoiﬁ — i (axi) ................ (4)
dq, dt dt \dq,
Now
n
. 0x;
X;0x; = Z xia—qraqr
r=1

But



axi . axl d . axl d (axl)

Yiaq, Yiaq,  dat%iag,) Yiai\aq,

from equation (3)

d 9 1 d (axi)
= dttaq. @t - aq.

From equation (3)

d 0 1 d (ax)
=dtlaq, 2% ) *i 3.\t

From equation (4)

- ttaq @1~ #1(5g,)

Ax; d 9 1 2
bt = ilaa GEO) aqr( ?)

Similarly

Ziaq,, dt{aqr(_z )}_ 6_qr 27




Thus L.H.S of equation (1)

n
2 m; (x;0x; + y;0y; + z;0z;)

r=1

~[d(d 1
2 2 2
=z , 2—(xl+y,+zl }
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But , the system is holonomic.

So aCh; aqz o aqn are arbitrary .

So taking the corresponding coefficients , we get



d(aT) aT_
dt \dgq, aq,,_Q

This is called Lagrange’s equation of motion for holonomic dynamical

system.






