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Example(1) 

Construct an example of a normed linear space which is not a Banach 

space 

Solution:  

The real linear space E of polynomials over [0,1] with real coefficient 

and the norm defined by  

||𝑷|| = 𝐒𝐮𝐩
𝟎≤𝒕≤𝟏

|𝑷(𝒕)|    𝒇𝒐𝒓  𝑷 ∈ 𝑬  is a real normed 

space which is not a Banach space. 

Proof: Clearly ||𝑷|| ≥ 𝟎 ,||𝑷|| = 𝟎 ,𝒊𝒇𝒇 𝑷 = 𝟎 

For any real a , ||𝒂𝑷|| = 𝐒𝐮𝐩
𝟎≤𝒕≤𝟏

|𝑷(𝒕)| 

                                                = |𝒂| 𝐒𝐮𝐩
𝟎≤𝒕≤𝟏

|𝑷(𝒕)| 

                                                   = |𝒂|. ||𝑷|| 



Also, |𝑷(𝒕) + 𝒒(𝒕)| ≤ |𝑷(𝒕)| + |𝒒(𝒕)| 

                                                   ≤ ||𝑷|| + ||𝒒|| 

Hence ||𝑷 + 𝒒|| = 𝐒𝐮𝐩
𝟎≤𝒕≤𝟏

 |𝑷(𝒕) + 𝒒(𝒕)| 

                                          ≤ ||𝑷 || + ||𝒒|| 

 Hence E is a real normed linear space .The metric d defined by the 

norm is given by   

𝒅(𝒑, 𝒒) = 𝐒𝐮𝐩
𝟎≤𝒕≤𝟏

|𝑷(𝒕) − 𝒒(𝒕)|    

  𝒇𝒐𝒓 𝒂𝒍𝒍 𝒑, 𝒒 ∈ 𝑬  

But  (𝑬, 𝒅) is not a metric space. 

Since it is not a Banach space 

For this, 

We consider the sequence (𝑷𝒏) of polynomials defined by 

𝑷𝒏(𝒕) = 𝟏 + 𝒕 +
𝒕𝟐

𝟐!
+

𝒕𝟑

𝟑!
+ ⋯ +

𝒕𝒏

𝒏!
 

 𝑰𝒇 𝒏 > 𝒎 

 𝒕𝒉𝒆𝒏 𝒅(𝑷𝒏,𝑷𝒎) = ||𝑷𝒏 − 𝑷𝒎|| 



                                                  = 𝐒𝐮𝐩
𝟎≤𝒕≤𝟏

|𝑷𝒏(𝒕) − 𝑷𝒎(𝒕)|    

                                                     = 𝐒𝐮𝐩
𝟎≤𝒕≤𝟏

|
𝒕𝒎+𝟏

𝒎+𝟏!
+ +

𝒕𝒏

𝒏!
|    

                                                     ≤
𝟏

𝒎+𝟏!
+.  .................

𝟏

𝒏!
 ......(1) 

Let ∈> 𝟎 be arbitrary 

Then from quation (1) it can be made less than ∈ by choosing m 

sufficiently large. 

So ,𝑷𝒏 
is a Cauchy sequence  

But  this sequence does not converge to any element of E. 

So ,infact in C[0,1] with sup metric ,(𝑷𝒏(𝒕)) converges to 𝒆𝒕  

which is not a polynomial. 

Thus E is an incomplete normed linear space . 

i.e a normed linear space is not a Banach space 

Example(2) 

Construct a metric linear space which is not a normed linear space 

A linear space E with a metric 𝝆 need not be normed linear space. 



In the sense that it is not always possible to define a norm on E which 

will generate the given metric 𝝆. 

To see this consider the metric space S of all numerical sequences. 

S is 𝒂 linear space. 

If we define for 𝒙 = (𝒙𝒊), 𝒚 = (𝒚𝒊)
 for S 

𝒙 + 𝒚 = (𝒙𝒊 + 𝒚𝒊)
 

𝒂𝒙 = (𝒂𝒙𝒊)
, a being scalar. 

So, we consider the metric space 𝝆 on 𝒔 defined by   

𝝆(𝒙, 𝒚) = ∑
𝟏

𝟐𝒊

∞

𝒊=𝟏

|𝒙𝒊 − 𝒚𝒊

𝟏 + |𝒙𝒊 − 𝒚𝒊|
 

It is not possible to define a norm on S which will generate the 

metric𝝆. 

For let any norm ||  . ||, s be given and let d be the metric generated 

by the norm. 

It is sufficient to show that d is not equivalent to 𝝆. 

For this we consider  



𝒆(𝒊) = (𝟎, 𝟎 , . … … … , 𝟏, 𝟎, 𝟎 … … . . ) ∈ 𝑺  

where we have 1 at the ith place & 0 everywhere else. 

So we define 

𝒙𝒊 =
𝒆(𝒊)

||𝒆(𝒊)||
 , 𝒊 = 𝟏, 𝟐, 𝟑, … … …. 

Now 𝝆(𝒙(𝒊), 𝟎) ≤
𝟏

𝟐𝒊 → 𝟎 𝒂𝒔 𝒊 → ∞ 

Hence (𝒙(𝒊)) → 𝟎 in the sense of the metric 𝝆. 

But  𝒅(𝒙(𝒊), 𝟎) = ||𝒙(𝒊) − 𝟎|| 

                                         = ||𝒙𝒊|| = 𝟏 

Hence (𝒙(𝒊)) does not converges to 0 with respect in the metric d. 

Hence d is not equivalent to 𝝆 then E is a metric linear space but not 

a normed linear space. 

 

 

 

 



 

 


