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Topic: Theorem and problem based on the Hilbert space .
Theorem: (The polarization identity)

If x and y are any two elements in a complex inner
product space E( or a complex Hilbert space E) Then

40, y) = |lx + ylI* = llx — yI?
+illx + iyl —illx — iyll®.
Proof: we have
lx+yl> = (x+y,x+y)
=(,x)+ @x)+ xy)+ Q0 y)
And |lx —yll* = (x—y,x —y)
=(,x) —(x) —(,y)+O.y)



Therefore
lx + ylI2 = llx = y1I* = 2@y, %) + 2(x, y) ... (1)
Replacing y by iy in (1) we get
lx + iyll* = llx — iyll* = 2@y, x) + 2(x, iy)
= 2i(y,x) + 2t(x, y)
= 2i(y,x) — 2i(x, y)......(2)
Now multiplying both sides of (2) i we get
illx + iyll* —illx — iyl = =2y, x) + 2(x, y)...(3)
Adding (1) and (3) we get
4(x,y) = llx + yII* = llx = ylI°
+illx + iyll* = illx — iyl

Problem: Construct a Banach space of continuous
functions which is not a Hilbert space.

Solution: we consider the Banach space C[0,1] of all

continuous functions on the closed interval [0,1] of R with
the norm defined by

Il = Sup{lf (®)|:t €[0,1]} for f € C[0,1],



We show that this norm does not satisfy the
parallelogram law.

Let f(t)=tand g(t) =1 —
t be two functions from[0,1] to R. Then f(t) =
t and g(t) = 1 — t are continuous functions on
[0,1].hence f, g € C[0,1].

Now by definition of norm we get
11l = Sup{lf(©]:t €[0,1]}
=Sup{|t|:t €[0,1] }
=Sup{t : t €[0,1] }
=Supl0,1] =1

Again, lgll = Sup{lg(®)|: ¢ €[0,1] }
= Sup{|1 —t|:t €[0,1] }
= Sup{1 —t:t€[0,1]}

=1

Now |If + gll = Sup{l(f + 9)(©)|:t €[0,1] }
= Sup{lf(t) + g(®)|: t €[0,1] }



= Sup{|t+1—t|:t €[0,1] }
= Sup{l1 :t €[0,1] } =1

If — gll = Sup{l(f —g)(®)I|:t €[0,1] }
= Sup{|f(t) —g()|:t €[0,1] }

= Sup{|lt—1+t|:t €[0,1] }

= Sup{|2t — 1|:t €[0,1] }=1.
Thus [If + gll* +If —gll*> =12+ 12 =2
But 2IFI12 + 2|lglI2 =2.12 + 2.12 = 4
Therefore ||f + gllI> + IIf — gllI> # 2 lIf1I* + 2llg]|*.

Hence the parallelogram law is not satisfied for the
suprimum norm on C[0,1]. Hence C[0O,1] is not a Hilbert
space but it is a Banach space .

END.



