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Topic: Problems based on inner product space.

Problem: Construct an inner product space which is not a
Hilbert space or construct an incomplete inner product

space.
Solution: we show that the linear space P[0O,1]of all
real-valued polynomials on [0,1] with inner product given

by (f,g9) = folf(t)g(t)dt for f,g € P[0,1,is an inner

product space which is not a Hilbert space .

Clearly (f,f) = [, [f(©)]2dt > 0
(f,f)=0
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iff f(t)=0Vtel0,1]
iff f=0.

(9.f) = [, g@OFOdt = [ fF()gO)dt = (f, )
forall f,ge P[0,1]

Again, (af +bg,h) = [ Taf (t) + bg()IR(t)dt
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=a [, f(OE)dt + b [, gt)h(t)dt
=a(f,h) + b(g,h) foralla,b € Rand f, g, h € P[0,1].
So the linear space P[0,1] is an inner product space

The norm defined by the inner product is given by

If]l = (f,f)% = [fo1 |f(t)|2dt]% and the metric d is
defined by the norm is given by
d(f,9) = If - gll = [ 1F(©—-g(@®)dt]:

But the inner product is not complete

For this,



LetP,(x) = X1 ~ x! thenforg(x) =—(— ,0<x <1

(=0 i
2 1—5.7(

So P, = g but g € P[0,1]. So (P,) is a Cauchy sequence
in P[0,1] which does not converge to a vector P[0,1].

Thus P[0,1] is an inner product space which is not a
Hilbert Space.

Problem: If x and y are any two vectors in a Hilbert
Space ,then show that

Ix + y|I? = llx — ylI> = 4Re(x,y)
Solution: we have
Ix + 117 =lx[I? + IylI* + (x, ¥) + O, %)...(1)
and ||x = y|* =|x|I* + [Il¥lI* = G, ¥) + (¥, x) ... (2)
From (1) and (2) we get
Ix +ylI* = llx = ylI*> = () + . x)+ (x,¥) + (¥, %)
=2[(x,y) + (v, x)]
=2[(x,y) + (x,y)]
=2[2Re(x, y)]=4Re(x, y).

END.



