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Topic: Theorem based on inner product spaces and
Hilbert spaces.

Theorem: Let E be an inner product space over a field K.

If a norm on E is defined by

1
Ix|| = +v/ (¢, x) = +(x,x)2 V xEE
Then E is a normed linear space.

Thus every inner product space is a normed linear
space.

Proof- Since (x,x) =2 0= (x,x) = 0= ||x|]| =0
Also

x| =0 (x,x) =0 x =0



Again ||ax||? = (ax, ax) = a(x, ax) = aa(x,x) =
|| all*]lx]|?

lax|l = [lel|[]x]
We have to prove the last condition of the normed
Linear space for this we first prove that

IRe(x, V) |I< |Ix|llly|l- V x,y € E where |Re(x,y)]|
denotes the real part of (x,y).

Since for all x,y €Eand f € K we have
0< (x + By, x + By) = (x,x) + By, %) + S (x,¥)
+BB (. ¥)
=[lxlI?+8 0, »)+B(x,¥) + 1| Bl IIYII?

For real f we have

lxl1#+B[Ce, ) +Ce, M + 1| BlIZNyII? = 0

1xlI*+2Re(x, y)B + || BlI*llyll* =0
Puttinga = ||y||*, b = 2Re(x, y), c = ||x||* we have
ap?+bB+c=0

This implies that b* < 4ac



So [2Re(x,y)]? < 4llx||%. |Iy]I?
Hence [Re(x, y)|< [lx|l||ly]l- (1)
Now we havel|lx +y|I? = (x +y,x +y)
=(6,x) +(y)+x)+O,y)
=00+ y)+(xy)+Oy)
= (x,x) + 2Re(x,y) + (v, y)
= |lx]I*+2Re(x,y) + [IyI?
< llxl?+2lx ]l Iyl + [lylI* [ from (1)]

[llx][+11y 1112
[ +yll < llxll+lyl.

Hence all the conditions of the the normed linear
space is satisfied hence E is a normed linear space

1
with respect to the norm ||x|| = ++/(x, x) = +(x, x)2
V x € E defined on E.

Def(Hilbert space):Let E be an inner product space



And let a norm on E be defined by ||x|| = ++/ (x,x) =
+(x, x)% V x € E .Letd be the metric on E defined
by dxy)=||x-y|| V x €EIf (E,d)isa complete
metric space then E is said to be a Hilbert space.
Thus every Hilbert space is a Banach space
Example: The real linear space R"is a Hilbert space
With respect to the inner product defined by
(x,¥) = Xiz1 X
forx = (x1,%3 . Xn), ¥y = (Y1, ¥2, - ¥n) € R"
The norm defined by the inner product is given by

1 1
x|l = (x,x)2=(X", x?)z and metric d is defined by

1
d(x,y) = llx — yll =[Ei=1(x; —y:)*]2 then (R, d)

Is a complete metric space and hence R" is a real
Hilbert space.

END.



