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Theorem 

Let 𝑳∞denote the set of all bounded 

sequences  𝒙 = (𝒙𝒊) of real or complex 

numbers.Then 𝑳∞is a Banach space if for   

𝒙 = (𝒙𝒊) ,  𝒚 = (𝒚𝒊) ∈ 𝒍∞and scalar 𝝀 . 

We define  

𝒙 + 𝒚 = (𝒙𝒊 + 𝒚𝒊), 𝛌𝐱 = (𝛌𝒙𝒊) 

And || 𝒙 || = 𝐒𝐮𝐩
𝒊∈𝑵

|𝒙𝒊 | as the norm of 𝒙. 

 𝑷𝒓𝒐𝒐𝒇  

It is easy to see that 𝒍∞is a linear space. 

Also || 𝒙 ||  > 0, 

|| 𝒙 || = 𝟎 , 𝒊𝒇𝒇 𝒔𝒖𝒑 | 𝒙𝒊 | = 𝟎, 𝒊𝒇𝒇  | 𝒙𝒊 | = 𝟎  



(for each 𝒊) iff 𝒙𝒊 = 𝟎 (for each 𝒊) iff 𝒙 = 𝟎 

||𝝀𝒙|| = 𝑺𝒖𝒑 |𝝀𝒙𝒊| 

                                     = |𝝀| 𝑺𝒖𝒑|𝒙𝒊| 

                                      = |𝝀|  ||𝒙|| 

Again, we know  

 |𝒙𝒊 + 𝒚𝒊| ≤ | 𝒙|  + | 𝒚 | ≤ ||𝒙||  + ||𝒚|| 

So, ||𝒙 + 𝒚|| = 𝑺𝒖𝒑 |𝒙𝒊 + 𝒚𝒊| ≤ ||𝒙|| + ||𝒚|| 

Thus 𝑳∞is a normed linear space. 

We know the metric defined by the norm is 

given by 

 𝒅(𝒙, 𝒚) = ||𝒙 − 𝒚|| 

                 = 𝑺𝒖𝒑 |𝒙𝒊 − 𝒚𝒊| for 𝒙, 𝒚 ∈  𝑳∞  

We now show that (𝒍∞, 𝒅) is a complete 

metric space. 

Let (𝒙𝒏) be a Cauchy sequences in 𝒍∞. 



Given ∈> 0 , there exists 𝒏𝒐 = 𝒏𝒐(∈) in N 

such that  

𝒅(𝒙(𝒏), 𝒙(𝒎)) <∈  𝑓𝑜𝑟 𝑛, 𝑚 ≥ 𝒏𝟎(∈) 

Let 𝒙(𝒏) = (𝒙𝒊
(𝒏)

) 

Then 𝒅(𝒙(𝒏), 𝒙(𝒎)) = 𝐒𝐮𝐩
𝒊

|𝒙𝒊
(𝒏)

-𝒙(𝒎)| <∈ for 

𝒏, 𝒎 ≥ 𝒏𝟎(∈) 

Hence for each fixed 𝒊, 

| 𝒙𝒊
(𝒏)

-𝒙(𝒎)| <∈  for 𝒏, 𝒎 ≥ 𝒏𝟎(∈)..............(i) 

Therefore for each fixed i,(𝒙𝒊
(𝒏)

) is a Cauchy 

sequence of numbers and hence 

(𝒙𝒊
(𝒏)

)→ 𝒙𝒊 as 𝒏 → ∞e have  

Now from (i)  𝒎 → ∞ 

| 𝒙𝒊
(𝒏)

-𝒙𝒊| ≤∈  for 𝒏, ≥ 𝒏𝟎(∈)  

and each fixed i...............(ii) 

|𝒙𝒊| = |𝒙𝒊 − 𝒙𝒊
(𝒏)

+ | 𝒙𝒊
(𝒏)

| 



          ≤ |𝒙𝒊 − 𝒙𝒊
(𝒏)

|+|𝒙𝒊
(𝒏)

| 

≤∈ + 𝐒𝐮𝐩
𝒊

|𝒙𝒊
(𝒏)

|  

for 𝒏, ≥ 𝒏𝟎(∈).....................by (ii) 

=∈ +||𝒙(𝒏)|| 

Now ,||𝒙𝒏|| ≤ ||𝒙(𝒏) − 𝒙(𝒏𝒐)|| + ||𝒙(𝒏𝟎)|| 

 <∈ +||𝒙(𝒏𝟎)|| 𝒏, ≥ 𝒏𝟎(∈) 

Now we choose 

𝑴 = 𝒎𝒂𝒙 {|| 𝒙(𝟏)||, … … … … . . ||𝒙(𝒏𝟎−𝟏)|| , 

       ∈ +||𝒙(𝒏𝟎)||  

We have ||𝒙(𝒏)|| ≤ 𝑴 for all 𝒏 ∈ 𝑵 

So |𝒙𝒊| ≤∈ +𝑴 

Hence 𝒙 = (𝒙𝒊) ∈ 𝒍∞ 

So from inequality (ii) we have 

𝒅(𝒙(𝒏) , 𝒙) =  𝐒𝐮𝐩
𝒊

|𝒙𝒊
(𝒏)

− 𝒙𝒊| ≤∈  



for 𝒏, ≥ 𝒏𝟎(∈) 

 

Therefore   ,  𝒙𝒏 → 𝒙 ∈ 𝒍∞ 

Hence (𝒍∞, 𝒅) is a complete metric space. 

Therefore   (𝒍∞, 𝒅) is a  Banach space. 

 

 

 

 

 

 


