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Theorem

Let L denote the set of all bounded
sequences x = (x;) of real or complex
numbers.Then L is a Banach space if for
x=(x;), y=(y;) €lyand scalar 4.

We define
x+y=(x;+yi)Ax = (Ax;)

And || x || = Sup |x; | as the norm of x.
iEN

Proof

It is easy to see that [, is a linear space.

Also || x || > 0,
x|l =0,iff sup |x;| =0,iff [x;|=0



(for each i) iff x; = 0 (foreach i) iff x = 0
||[Ax|| = Sup |Ax;]
= |A| Sup|x;|
= |A] []x]]
Again, we know
xi+yil <|x| + |y|=|lx]] + [|yll
So, [|x + y|| = Sup |x; + yi| < ||x]|| + ||y]l
Thus L®is a normed linear space.

We know the metric defined by the norm is
given by

d(x,y) = ||lx —yll
= Sup |x; —y;|forx,y € L,

We now show that (I, d) is a complete
metric space.

Let (x") be a Cauchy sequences in [..



Given €> 0, there exists n, = n,(€) in N
such that

d(x™,x(M) <€ forn,m = ny(€)
Let x™ = (x{™)
Then d(x™, x™)) = Sup 2™ x| <€ for
n,m = ngy(€) l
Hence for each fixed i,
| x™-xM)| <€ forn,m = ng(€)rrrrrrnnnee. (i)

Therefore for each fixed i,(xgn)) is a Cauchy

sequence of numbers and hence
(x™)- x; as n - coe have
Now from (i) m — o

| x™-x;| <€ forn, = ngy(€)
and each fixedi............... (ii)

x:] = | — 2™ + |2



< | — 2 [+
<€ + Sup |x\"]
i

forn, = ng(€).ccvierrniirennnnn. by (ii)
=€ +||x™)|
Now ,|[x"|| < |20 — x(o)|| + [|x(M0)]|
<€ +||x™0)|| n,=> ny(€)
Now we choose
M = max {|| xD||, cc. cev e ee. | |Jx@0~ D],
€ +||x(0)]]
We have ||[x™|| < M foralln € N
So |x;| <e +M
Hence x = (x;) € 1,
So from inequality (ii) we have

d(x™,x) = Sup |x§"’) — x;| <€
i



forn, = ny(€)

Therefore , x" > x € I,
Hence (I, d) is a complete metric space.

Therefore (l.,d) isa Banach space.



