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Linear Space (Vector Space)

Let be an algebraic structure. then it is called a vector space over a field if
V,D,0) & . (F,+,°)

for all V1 'VZ'V3 = Vv
a4,a,, a3 € F following properties

(i) (V, @) is abelian group.

(ii) Distributive for scalar multiplication

a@(Vl@Vz)= a@vl@aQVz

(iii) Distributive for scalar addition

(a1 +a,)) OV=a; OV+a, OV

(iv) Associative for Scalar Multiplication

aOQBOV)=(ap)OV

(V) 1V = V- Where 1 is identity element of f with respectto  multiplication.

Then (7 @, () 's @ Vector Space gyer F.(linear Space)



Normed Linear Space

Let X be a linear space or vector space over field F and

the function, || . ||: X = R is defined such that

(i) 1I1X||1=0,]IX]|=0,¢>(ifandonlyif)x=0
,Vx e X

(i) |Ix+yll<IIx]l+1lyll,Vx,y € X(Triangular
Property)

(ii) [lax]|| =lal|lx]l,
Then || . || is called norm on X.
And structure < X, ||. || >is called Normed

Linear space.

NORM-Length of Vector

A
-d,(x—j)'--lhi—‘lll

B A= Position of vector of a — Position Vector of B



Important Theorem

Prove that every Normed linear space is a Metric space but converse may

not be true.

Proof

Let X be a normed linear space, then
we have

d(X;V)=||X—Y||:Vx’y eX

(i) dix,y) =lIx-yll,vx,yeX
(i) d(x,y)=0(ifandonlyif), <>||x-y||=0

—x-y=0
OX=y
(ii) d(x,y)=1lxy]l
=|1-(yx) ||
=|-1] |1 y-x]|
=| ly-x] |=d(y,x)

(iv) dix,y)=1]x-y|l



=|| (x-2) +(z—y) ||

<|Ix=zZ]|]+][]|zyll

<d(x,z)+d(z,y)
that impliesd(x,y) < d(x,z) +d(z,y)
Hence every normed linear space is a metric space.
Proved

Converse may not be true

e.g
d(x,y) = 1o

1+ |x-y]|

_ _lx=y .
| x vII——1+| ,putZ=x-y € X

x=y|
_ |z
zZll= 55
_ laz| _ | |Z] _ | Z |
IIaZ”_1+|aZ|_1+|a| |Z|_Ia|(1+|a||Z|
* |lal || Z ]|

So, X is not normed liner space






