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Linear Space (Vector Space) 

Let (𝑽,⊕,⊙) be an algebraic structure. then it is called a vector space over a field (𝑭,+, ⦁) if 

for all  V
1 

,V
2

,V
3

 ∈ V  

𝜶𝟏,𝜶𝟐, 𝜶𝟑 ∈ 𝑭 following properties 

(i) (V, ⊕)   is abelian group. 

 

(ii) Distributive for scalar multiplication 

𝜶 ⊙ (𝑽𝟏 ⊕ 𝑽𝟐) =  𝜶 ⊙ 𝑽𝟏 ⊕ 𝜶 ⊙ 𝑽𝟐
 

 

(iii) Distributive for scalar addition 

(𝜶𝟏 + 𝜶𝟐)  ⊙ 𝑽 = 𝜶𝟏  ⊙ 𝑽 + 𝜶𝟐  ⊙ 𝑽 

 

(iv) Associative for Scalar Multiplication 

 𝜶 ⊙ (𝜷 ⊙ 𝑽) = (𝜶⦁𝜷) ⊙ 𝑽 

(v)1⦁𝑽 =  𝑽,   Where 1 is identity element of f with respect to      multiplication. 

Then (𝑽,⊕,⊙) is a Vector Space over F.(linear Space) 



  

Normed Linear Space 

 

Let X be a linear space or vector space over field F and 

the function , ||  .  ||: 𝑿 → 𝑹 is defined such that  

(i) || X ||≥  𝟎 , || X ||= 0 , ↔ (if and only if) x = 0 

,∀𝒙 ∈ 𝑿 

(ii) || x + y || ≤|| x || + || y || , ∀𝒙, 𝒚 ∈ 𝑿(Triangular 

Property) 

(iii) || 𝜶𝒙 | |  = |𝜶| || x||, 

 

Then  ||   .  || is called norm on X. 

And structure  < 𝑿, || .  ||   > is called Normed 

Linear space. 

 

NORM→Length of Vector 

 

 

 

𝑩𝑨⃗⃗⃗⃗⃗⃗ = Position of vector of a – Position Vector of B 

 



Important Theorem 

Prove that every Normed linear space is a Metric space but converse may 

not be true. 

Proof  

To prove this we know in metric space if X is a arbitrary set then X 

d: X x X→R which satisfied the following condition 

(i) d(x,y)≥0 

(ii) d(x,y)=0 if and only if x=y 

(iii) d(x,y)=d(y,x) 

(iv) d(x,y)≤d(x,z)+ d(z,y) 

Let X be a normed linear space , then  

we have 

 d(x,y) =|| x – y||, ∀𝒙, 𝒚 ∈ 𝑿 

(i) d (x , y)  =|| x – y ||, ∀𝒙, 𝒚 ∈ 𝑿 

(ii) d(x , y) = 0 (if and only if ) ,    ↔|| x –y||=0 

                                                   ↔x-y=0 

                                                   ↔x=y 

(iii) d(x , y)= || x- y || 

              =||-(y-x) || 

              =|-1|  || y-x|| 

              =||y-x||=d(y,x) 

(iv) d(x , y) = || x – y || 



             =|| (x-z) + (z –y) || 

             ≤|| x – Z || + || z- y|| 

             ≤d(x ,z ) + d (z ,y)  

 𝒕𝒉𝒂𝒕 𝒊𝒎𝒑𝒍𝒊𝒆𝒔 𝒅(𝒙, 𝒚) ≤ 𝒅(𝒙, 𝒛) + 𝒅(𝒛, 𝒚) 

𝑯𝒆𝒏𝒄𝒆 every normed linear space is a metric space. 

Proved 

 

Converse may not be true 

 

 

e .g  

 𝒅(𝒙, 𝒚) =
| 𝒙−𝒚 |

𝟏 + |𝒙−𝒚 |
 

 

|| x – y ||=
| 𝒙−𝒚 |

𝟏 + |𝒙−𝒚|
   , put Z = x-y ∈ 𝑿 

 

|| Z ||= 
| 𝒁 |

𝟏 + |𝒁 |
 

  

|| 𝜶𝒁 ||= 
| 𝜶𝒁 |

𝟏 + |𝜶𝒁 |
=

|𝜶|   | 𝒁 |

𝟏 + |𝜶|  |𝒁 |
= |𝜶|(

| 𝒁 |

𝟏 +|𝜶| |𝒁 |
) 

                                                   ≠ |𝜶|   || 𝒁 || 

So , X is not normed liner space 

 

 

  

  

  

 

 



 


