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Theorem(The Tietze Extension Theorem):

Any bounded continuous real function on a closed
subset F of a normal space X can be extended continuously to
the whole space X preserving the same bounds.

Proof:Let f be a bounded continuous function on the closed subset F of
X .Then there exists a real number k > 0 such that [f(x)|< k for all
x€F

Now consider the subsetsF; and F, of F defined by

Fy ={xEF:f(x) s%k}zf—l l—k,_?k

and F, = {x € F: f(x) 2 5} = f 1[5, k]

Then F;and F,are disjoint,non-empty and closed set in F
Since f is continuous and since F is closed so
_ —k _1 [k
fH [~ S andr 5.4
i.eF;andF, are also closed in X. Since X is normal

so there exists a continuous function

—k k
: X = |—,= | such that
91 l3 3]

g1(F) = {?} and g,(F, ) = {g}

Now we define a function



hion F by hy(x) = f(x) — g1(x)

since f and g, are continuous so h; is also continuous
again |h1(x)| < gk le € Fllthen —k < f(.X) < _?k 91(x) = _?k
—2
Hence ?k <f(x)—g,(x)<0
-2 2
i.e?k <h(x)<0< Ek'

if x € Fzytheng < f(x) < kandg;(x) = S

_?zk <fx)—g:(x) <0

i -a@ ks
373" G187 =% 73
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05 f@-g) =T

ie0< hy(x) < % finaly ifx € F
butx € F, UF,
Then_?)!c < f(x) <3£ and_?k < g1(x) Sg
So that_?k—g < f(x)—g,x) <§— (_?k)

=< f@-g@ =M@ < solm@|<T



Applying the above procedur to h; (x) with bounds _TZR and% a
continuous function g, (x)ls obtained on the whole space X with
|9, (x)| < %gk and a continuous function h,(x) = hy(x) —
g, (x)is defined on F |h,(x)| < (35)%k.In general

,we obtain for each positive integer n, a continuous
function g, (x) on X with| g, (x)| < %(Zé)”‘lk
and a continuous function h,(x) = h,_;(x) — g,(x)on F
with |h,,(x)| < (35)"k So by Weierstrass M — test
The series).n—; gn (x) of continuous functions converges uniformly

On X and so defined a continuous functionf,(x)on X
with |fo ()] < ;5" = k.
Also on F we have f,(x) = g1 (%) + 521 gns1 (%)
= f(x) = hy(x) + Xpz1{hy () — hpy1 (X))}
=1im { () ~ hns1 (1)}
Since | Ay (0)] < (%) k and T{l_f){)lo{ hye1(x) =0

Hence f,(x) = f(x)on F. Thus there exists a continuous function f;(x)
on X which is an extension of the given continuous function bounded
function f(x)

on F and f, has the same bounds .It proves.



