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             Theorem(The Tietze Extension Theorem): 

    Any bounded continuous real function on a closed                                                                                                                                                  

subset 𝑭 of a normal space X can be extended                continuously to 

the  whole space X preserving the same bounds. 

Proof:Let f be a bounded continuous function on the closed subset 𝐹 of 

X .Then there exists a real number 𝑘 > 0 such that |f(𝑥)|≤ 𝑘 for all 

𝑥 ∈ 𝐹 

Now consider the subsets𝐹1 and 𝐹2 of 𝐹 defined by 

𝐹1 = {𝑥 ∈ 𝐹 ∶ 𝑓(𝑥) ≤
−𝑘

3
} = 𝑓−1 [−𝑘,

−𝑘

3
] 

                          𝑎𝑛𝑑 𝐹2 = {𝑥 ∈ 𝐹: 𝑓(𝑥) ≥
𝑘

3
} = 𝑓−1[

𝑘

3
, 𝑘] 

Then 𝐹1and 𝐹2are disjoint,non-empty and closed set in 𝐹 

Since 𝑓 is continuous and since 𝐹 is closed so  

𝑓−1 [−𝑘,
−𝑘

3
]and𝑓−1 [

𝑘

3
, 𝑘] 

i.e𝐹1and𝐹2 𝑎𝑟𝑒 𝑎𝑙𝑠𝑜 𝑐𝑙𝑜𝑠𝑒𝑑 𝑖𝑛 𝑋. 𝑆𝑖𝑛𝑐𝑒 𝑋 𝑖𝑠 𝑛𝑜𝑟𝑚𝑎𝑙  

𝑠𝑜 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  

𝑔1: 𝑋 → [
−𝑘

3
,
𝑘

3
 ] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  

𝑔1(𝐹1) = {
−𝑘

3
} 𝑎𝑛𝑑 𝑔2(𝐹2 ) = {

𝑘

3
} 

 𝑁𝑜𝑤 𝑤𝑒 𝑑𝑒𝑓𝑖𝑛𝑒 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 
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                                                          ℎ1𝑜𝑛 𝐹 𝑏𝑦 ℎ1(𝑥) = 𝑓(𝑥) − 𝑔1(𝑥) 

Since 𝑓 𝑎𝑛𝑑 𝑔1  𝑎𝑟𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑠𝑜 ℎ1 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠  

again |ℎ1(𝑥)| ≤
2

3
𝑘 𝑖𝑓 𝑥 ∈ 𝐹1,𝑡ℎ𝑒𝑛 − 𝑘 ≤ 𝑓(𝑥) ≤

−𝑘

3
  𝑔1(𝑥) =

−𝑘

3
 

 𝐻𝑒𝑛𝑐𝑒 
−2

3
𝑘 ≤ 𝑓(𝑥) − 𝑔1(𝑥) ≤ 0 

                                                                             i.e 
−2

3
𝑘 ≤ ℎ1(𝑥) ≤ 0 ≤

2

3
𝑘. 

                                      𝑖𝑓 𝑥 ∈ 𝐹2 ,𝑡ℎ𝑒𝑛
𝑘

3
≤ 𝑓(𝑥) ≤ 𝑘 and𝑔1(𝑥) =

𝑘

3
 

−2

3
𝑘 ≤ 𝑓(𝑥) − 𝑔1(𝑥) ≤ 0 

𝑘

3
−

𝑘

3
≤ 𝑓(𝑥) − 𝑔1(𝑥) ≤ 𝑘 −

𝑘

3
 

0 ≤ 𝑓(𝑥) − 𝑔1(𝑥) ≤
2𝑘

3
 

                                                        i.e 0≤ ℎ1(𝑥) ≤  
2𝑘

3
  𝑓𝑖𝑛𝑎𝑙𝑦 if 𝑥 ∈ 𝐹   

 𝑏𝑢𝑡 𝑥 ∉ 𝐹2 ∪ 𝐹2 

                            Then
−𝑘

3
< 𝑓(𝑥) <

𝑘

3 
 𝑎𝑛𝑑

−𝑘

3
≤ 𝑔1(𝑥) ≤

𝑘

3
 

                                 So that
−𝑘

3
−

𝑘

3
< 𝑓(𝑥) − 𝑔1(𝑥) <

𝑘

3
− (

−𝑘

3
) 

−2𝑘

3
< 𝑓(𝑥) − 𝑔1(𝑥) = ℎ1(𝑥) <

2𝑘

3
          So |ℎ1(𝑥)| ≤

2𝑘

3
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Applying the above procedur to ℎ1(𝑥) with bounds 
−2𝑘

3
 and

2𝑘

3
 a 

continuous function 𝑔2(𝑥)Is obtained on the whole space X with 

|𝑔2(𝑥)| ≤
1

3
.

2

3
𝑘 𝑎𝑛𝑑 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  ℎ2(𝑥) = ℎ1(𝑥) −

𝑔2(𝑥)𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑜𝑛 𝐹 |ℎ2(𝑥)| ≤ (⅔)2𝑘. 𝐼𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 

, 𝑤𝑒 𝑜𝑏𝑡𝑎𝑖𝑛 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑛, 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠  

𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑔𝑛(𝑥) 𝑜𝑛 𝑋 𝑤𝑖𝑡ℎ| 𝑔𝑛(𝑥)| ≤
1

3
(⅔)𝑛−1𝑘 

 𝑎𝑛𝑑 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 ℎ𝑛(𝑥) = ℎ𝑛−1(𝑥) − 𝑔𝑛(𝑥)𝑜𝑛 𝐹  

𝑤𝑖𝑡ℎ |ℎ𝑛(𝑥)| ≤ (⅔)𝑛𝑘 𝑆𝑜 𝑏𝑦 𝑊𝑒𝑖𝑒𝑟𝑠𝑡𝑟𝑎𝑠𝑠 𝑀 − 𝑡𝑒𝑠𝑡 

The series∑ 𝑔𝑛(𝑥)∞
𝑛=1  of continuous functions converges uniformly  

On X  and so defined a continuous function𝑓0(𝑥)𝑜𝑛 𝑋 

 𝑤𝑖𝑡ℎ |𝑓0(𝑥)| ≤
1

3
∑ (⅔)𝑛𝑘 = 𝑘∞

0 . 

 Also on F we have 𝑓𝑜(𝑥) = 𝑔1(𝑥) + ∑ 𝑔𝑛+1(𝑥)∞
𝑛=1  

  = 𝑓(𝑥) − ℎ1(𝑥) + ∑ {ℎ1(𝑥) − ℎ𝑛+1(𝑥)∞
𝑛=1 } 

                          = lim
𝑛→∞

{ 𝑓(𝑥) − ℎ𝑛+1(𝑥)} 

Since |ℎ𝑛+1(𝑥)| ≤ (⅔)𝑛+1 𝑘 𝑎𝑛𝑑 lim
𝑛→∞

{ ℎ𝑛+1(𝑥) = 0  

Hence 𝑓0(𝑥) = 𝑓(𝑥)𝑜𝑛 𝐹. Thus there exists a continuous function 𝑓0(𝑥) 

on X which is an extension of the given continuous function bounded 

function 𝑓(𝑥) 

on F and 𝑓0 has the same bounds .It proves. 


