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Theorem

Let a be the sum of two relatively prime squares .Then there exists an integer b such that
a divide b% + 1.

Proof

Leta=u*+v*u>v (u,v)=1and % =< @y, e eesceevereer s weenr, @y > .Then form the

continued fraction as under

< Ay Ay e vee e en A, A, A e e e, Ay S eevensssssssssssssssssns (1)
. . Pn
And consider its convergent Pl < Ay Qg e een vee ee e ee weenn, A7 >
n
P, a
Therefore = @Y, e e vee v e e e, A > = 5
n-1

This implies P, =uand P,_1 =v
We know P,,, = P?,_; + P%,
HENCE Pypy = U + V% = @ cereeeeeeereeeeseeseseesesssssssesesssssesssssssessssensenes (2)
AlSO 25y = Popqeeeeeereiieiiisiissssssnnnnnneiiiiisisisissssssssssssssssssissssssssssssssns (3)
Now the last two convergent of (1) are connected by the relation
P2nlan-1— P2n—1q2n = (-1)*" = 1
It follows from (2) and (3) that
ag,, , —Pin1=1
Putting b= P,,,_1 we have
a;, ,=b*+1

Thus a divides b% + 1






