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UNIQUENESS OF THE EXTENSION

Notations :—
S (R) : for the c—ring & generated by the ring [ .
KR : for class consisting of S (R) together with all subsets of sets of & (R)
p*: is an outer measure on KR defined as
pu*(E) :inf{Zy(En):En eR,neN;EcC UEn}
n=1

S* denotes sets of pu* measurable sets.

Now using the definition of p *. We have extended the original measure 1 on R to a complete measure

p on 8* a o —ring containing R .

Theorem (1) : The outer measure p* on JC(R) defined by p on R, and the corresponding outer
measure defined by ;1 on S (R) and i on S* are same.

Proof : On observing that the outer measure 3* defined by a measure f on c—ring R, satisfied for
Ee JC(R])

B*(E)=inf{B(F):ECFeR} .(e)

Since

ﬁ*(E):inf{iﬁ(En):EgCJEn,En eR]}

(e8] (e8]
and replacing the sets E,, by disjoint sets F, € R, such that F}, £}, and U E, = U F,, we get

n=1 n=1
ZB(En)>ZB(Fn)B[ Gan]>B*(E)
Thus (ep) follows

Since K (R)=3 (5 (R)) = J{(S8 *), the outer measures to be considered have the domain of definition
as p=p on R.

u*(E):inf{Zy(En):EgUEn, E, ER}

n>1 n=1

:inf{;(F):EgFeS(R)} by(e])



>inf {u(F):ECFeS* as $*< §(R)

>u* (E )
Thus equality hold throughout and so by (el)
The outer measures are equal.

Note : Since the outer measure on K (R) determines the measurable sets and their measures, the mea-
sure and measurable sets obtained by extending. 1 on R, ﬁ on § (R) and ; on S * are the same namely on

S * without some restriction on | its extension to S (R) need not be unique, but we have.

Theorem (2) : If p is a o—finite measure on ring R then it has a unique extension to the o—ring
S(R).

Proof : Let | is an extension of pt on § (IR) suppose v is a measure on 8 (R) such that p=v on R.

We wish to show that y=y on S(R). If EcSR and e>0,3{E,},E, eR EC U E, such that
n>1

n(E)+e> > u(Eyp). But 4= &, may be written as disjoint.
n>1 n=1

Unionof F, F, cE,, F, R so we get n(E)+ex > w(Ey)= Y v(E,)=v(4)=v(E)
n>1 n>1
So w(E)>v(E)
Suppose that E € S (R), ;(E)< o and e> ()
then as above there exist 45 E such that p(A4)<p(E)+e where 4= U 7, the sets F, being

n>1

disjoint sets of R .
So that p(A4)=v(4) so
n(E)<u(4)=v(E)+v(4-E)
But by the first part v(4—E)<p(4-E) also
Since p(E)<oo we have p(A4-E)<e
So w(E)<v(E)+e Hence p(E)=v(E) if p(E) <o but
Now p is o—finite, for each E e S(R) we have Ec | ) E, where, for each n,—E, eR and
n>1

w(Ey, ) <o then we may write E = | J F, where the F, are disjoint sets of R and p(Fy, )<oo so
n=>1

n(E)= D> u(Fy) =D u(Fy)=v(E) proved.
n>1
SOME DEFINITIONS :

Definition (1) : A pair [X , S ] where § is a o—algebra of subsets of a space X, is called a measurable
space the members of § are the measurable sets.

Definition (2) : A triplet [X, S, 1] is called a measure space if [ X, S is a measurable space and p is
a measure on § .
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