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Content: Continued Fractions

Continued Fractions

Consider the following expression 3+4+L ................................ (1).
1

6+E

The value of this expression can be calculated by the ordinary
arithmetical process

1 13
6+—=— ,
2 2
1 2 54
f4——=f4—=2"
6+ 13 13
1 13 175 L .
34— = 3+—=—which is the value of expression (1).
4+ 54 54
G+E

(1) is called a simple continued fraction. It is usually written in

one of the following forms

111
3+——-— or <3,4 ,6,2>
4+ 6+ 2

Definition: Let a; be an arbitrary integer and a; as

........................... an be positive integers. Then the expression

O | . :
a; +— o ————— (1) is called simple
a2+ a3+.aN

continued fraction. We may call (1) a continued fraction or CF.

For convenience (1) is usually written as

1 1 1

d; + Ea3+..a .................................. (2)

or as
is usually written as < aj ,az, ....... R (3).
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The terms ay, az, .......... an of (1) are called partial quotients. a;
is the first partial quotients .

Theorem
Every Continued fraction with finite number of partial
quotientsa;, az,as, ...coeeueenn , an represents a rational
fraction.

Solution: We shall denote this rational fraction by the letter .

1 1 1
X=a; +———
a2+ a3+.aN
X=<d1,d2; ceereeenn an>
and we say<ai, az, ....e.... an> isthe continued fraction of x or the

continued fraction expression of x.

Every rational fraction can be expressed as a continue fraction with

- ; . . .. 103
finite number of partial quotients. Suppose the given fraction is 12—4.

103 7 1
Then — =4+—=4++;
24 24 2

We can carry out the above process in a simpler way as follows
(similar to the process of finding the g. ¢ .d. of 103 and 24
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24 | 103 |4
96

712413

Therefore % =<4, 3,2 35,
Theorem

Every rational fraction can be expressed as simple continued
fraction with the last quotient greater than 1 in a unique way.

Proof: Let % be the given fraction .Then we form the following

sequence of equations exactly as in the case of Euclid’s algorithm
foraandb.

a=bai+r: ,0<r1<b.ccceiinninnee. (1)
b=riaxtr2 ,0<rr2 <Muccieceeccenennnnd(2)
r1=ras+r3, O<I3<lcceeniirnniennnens (3)
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n-2=In-1dn + P, 0=l'|'o.| ......................... (N)
Sincer>r>r> i, there exists an integer N such

that ry=0 ,and there the process ends. From equation (N) it is clear
that an> 1z

Note if b>a, then a;=0 and if % is negative, a; is negative. From
equation (1) to (N) we have

a 1
E =a1t+ryp=a: + =

rl

1 1 1 1

a2+ a3+ ad4+. +aN

Thus % is expressed as a simple continued fraction with ay>1.WE

have now to prove that the expansion A is unique.

Suppose it is not uniue. Then it follows that

1 1 1 1 1 1 1 1

a+ = ————— .. ... —_— e, B
17 a2+ a3+ aa+. +aN Y7 b2+ b3+ ba+. +bl (B)

We take [ >N , and b;>1.Now in the above equation a; and b; are
integers while

1L 1 1 4111 1
a2+ a3+ as+. 7 +anN a2+ a3+ as+. 7 +al

are rational proper fraction . Whence a;= b;and

1 1 1 1 1 1 1 1 P : i
= eee wer ....——Which implies
a2+ a3+ ad+. +aN b2+ b3+ a4+. +bl
1 1 1 1 1. 1
A E——— s e =b, + T —— G
2 a3+ a4+. +aN 2 b3+ a4+. +al ( )
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Repeating the same argument with respect to equation (C) we obtain

1 1 1 1
ay-byand azs+— v oo ve..——=b3t — s e —
2 =2 37 a4+t +aN >

In this way we obtain further in succession az=bs,as=bs, an-1=bn-1

and are left with the equation

1 1 i |
bN+1+ bN+2+ +bl

)

E||\|=bN+(

Bu this is impossible since [ > N and bj>1 .Hence N=[ and an=b;. It

follows that the expansion (A) is unique.

. . . . " 21
Question : Find the continued fraction expansion of =

Solution73 [ 21]0

00
2117313
63
10 | 212
20
1 |10 |10
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10

00

Hence %: <0,3,2,10 >
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Therefore % =<4, 3. 2,35,
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