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Binary Composition or Binary Relation

Let S be a non-empty set . A binary relation * on S is a mapping x: S X § — S defined as *
(a,b)=axhb

Whether a composition is a binary composition on a set or not it depends on the set.

For example : usual addition ‘ +’ is binary composition for the set of rationals but not a binary
composition for the set of irrational numbers as the sum of two irrational numbers may not be
irrational.

Algebraic structure

A set G equipped with one or more binary operation is called algebraic structure .Let G be a non-
empty setand ' = ’,’0’ etc are binary operation on G then (G ,, 0) etc is called algebraic
structure.

Groupoid or Quasi Group

Let G be any non-empty set and * is a binary operation than the structure ( G, *) is called a
groupoid or Quasi —Group.

If the binary operation * in the set G satisfies the commutative property.
a*b=bxa V abeaG

Then, the structure (G,*) is said to be a commutative grouped.

Remark
A groupoid with identity element is called loop
Example

(i) The structure (N, +), (N,.), (Z,+) ,(Z, ) (Q, +),(Q,.), (R, +),(R,.),(C,+),(C, ) areall
commutative group.

(ii) The set N is not a groupoid with respect to the operation ‘-



Since if a,b € N then a-b is not always a natural number
Semi-Group

A set equipped with associative binary operation is said to be semi-group or If G be set and * be
an operationon G s.tVa,beG ,a « b € G -closure.

Or

Let G be a non-empty set and * be a binary operation defined on it, then the structure (G, *) is said
to be asemigroupif ax (b+xc)=(a*bh)*c Va,b,c €G (Associative)

Remarks
A semi —group is an associative groupoid .

If the operation * also satisfies the commutative property, the structure (G,*) is called a
commutative semi-group.

(i) The structure (N, +),(N,.),(Z,+),(Z,.),(Q,+),(Q,.),(R,+),(R,.),(C,+),(C,.)
are commutative semi-group.

(ii) The structure (Z,-) ,( Q,-),(R,-), ( C, -) are not semi-groups.Since associative law is not
satisfied.

Monoid

Let G be a non-empty and * be a binary operation defined on it. Then the structure (G ,x ) is
said to be a monoid if the following axioms are satisfied.

(i) Associative law
ax(bxc)=(a*b)*c Vab,c €G

(ii) Existence of Identity : There exist an element, denoted by e and called the identity, in
Gsuchthataxe=a=exa V a €.

Remarks
(i) A semi-group having the identity element is called a monoid.
(ii) If the operation * is also commutative ,then the structure ( G,*) is called a

commutative monoid.
(iii) Every monoid has a unique identity element.

Example (a)
The structure (Z,+),(Z,.),(Q,+),(Q,.),(R,+),(R,.),(C,+),(C,.) are monoids.

(b) The structure (N,+) is a semi-group ,but not a monoid, since the additive identity
(i.e 0) does not exists in N.



Groups
Let G be a non-empty set and ' =’ be a binary operation defined on it ,then the
structure (G, *) is said to be a group if the following axioms are satisfied

(i) Closure property
axb€G Va,beaG
(ii) Associativity

The operation * is associativeon G  i.e
ax(bxc)=(a*xb)*c Vab,c €G

(iii) Existence of Identity
There exists an elemente € Gsuchthat a * e =a=e *a V a€G,eis
called identity of *inG.

(iv) Existence of Inverse
For each element a € G there exist an element b € G such that the element

b is called the inverse of alement a with respect to *, and we write b = a1l



