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Infinite Continued fraction

A continued fraction < ay ay, ....... a, > having infinite number of partial quotient is called an
infinite continued fraction and its value is defined to be equal to

lim <a, a,...... a, >=a
n—-oo
Note: (i)For any positive integer k, < a; a,, .......ay > is called the k convergent of a
(ii) Again for any positive integer k < ay,ay41, ... .....> iscalled the < a; ay, .......a, >or

of a . It is usually denoted by ay,.

Theorem
Let < aq,ay,.....>= a then
(i) ap=an* =<an,dn41 >
In+1
(ii) [an] =an

Proof: Let n be the given integer

(i) Up =< Ap ,Apgqy eon oo >
= lim < a,,dueq) oo Ay >
m-—-oo
) 1
= lim a, +
m—o < any1,qn42,......., am >
1
=a, +
< Qn+1,An4z,..., m >
4 1
= an
On+1
=<an,An41 >
(ii) a, =a, + and
An+1
1
Ont1 = i1+
On+2

Hence



0< <1

An+1

So it follows that [a,,] = a,
Corollary 1 [a] = a4

Corollary2 a;,, > 1 for everyn

Corollary 3
a=<aq,0q, >

=< aq, g, e oee an’a’n+1 >

Theorem

The continued fraction representing an irrational number is infinite, and is also
unique.

Proof:

Let a be a given irrational number. Then

a=a=[a] + (a7 — [a1])

where [aq] is an integer number and a; — [a4] is a positive irrational no <1

1

as—[aq)

We puta; = [aq] and [a;] =
1
Then we have a; = a4 + -
2
Where a; is an irrational no >1.
Repeating the same process with a in place of ;.

We get
N 1
a, =a; +—
2 2V &
where a, = [a;]
1
[as] =

= an irrational number > 1

Then we get in succession



1

a, =a,+ >

On+1

where a,4q is anirrational number > 1

The Process obviously never ends

Therefore the quotients a4, a, ............. are infinite in number.
And we obtain

a = oq =<< aq,ay, ... ....an’an+1 >
We have to still to show that
<A1, 07 e e e A Ay >

We have to still to show that

_Pn
< al, az L TT T TR an, >—q_
n

Actually converges to the value @ asn - o«

This is done as follows
a=a =<< Ay, Ay, e vens an’a’n_l_l >

= Qn1
_ Apy1 P+ Py

n+19n+9n-1

Py _ Pr_1qn — PuGn-1
a— — =
Gn  qn(@n41Gn + qn-1)

B (_1)n—1
Gn(@n+1qn + qn-1)

Which tends to zero as n tends to infinity. This means

B :
a=lim— = lim <ay,a;3 .....a, >
n-o g, n—oo ’
So @ =<a4,0p, e Uy, S, (i)

This proves the first part of the theorem.
We now prove that the CF (1) is unique.



Suppose this is not true .It follows that
a=<aq,0 ...
=< by,by, e n.>
We have prove that b, = a,, for every n.
This implies that the two continued fraction expansions are identical.

Hence Proved



