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Topic: Problem in Hilbert space

Question: show that in a Hilbert space Han orthonormal
set Siscompleteiff x L S = x = 0.

Solution: suppose that an orthonormal set S is complete
and x LS.

Then to prove that x = O Letx # 0. Thene = ~ isa

[E4l
unit vector such thate L S.

So {e, S} is an orthonormal set properly containing S.
This contradicts that S is complete orthonormal set.
Hence we must have x = 0.

Conversely suppose that x L S = x = 0. then we have to
prove that S is complete orthonormal set.



Suppose S is not complete orthonormal set.

Then there exists a unit vector e such that {e, S} is an
orthonormal set so we have e 1 S then by hypothesis

e = 0 this is a contradiction since e is a unit vector >
Hence S must be complete.

Problem: If {e;} is an orthonormal set in a Hilberty space
H ,and if x ,y are arbitrary vectors in H then

2il(x e, e)| < x|yl

Solution: Let S = {e;: (x,e;)(y, e;) # 0}

Then S is either empty or countable . if S is empty then

we have (x,e;)(y,e;) =0 foralli.

In this case we 0 =); |(x,e))(y,e)| < x|l ||¥]l

if Sisnot empty Then S is either finite or countably
infinite . If S is finite .then we can write

S ={eqs, e, ....,} inthiscase

il ey el = Xiz1 1(x, e) (v, ed| < llxll [yl -...(1)

[ using Cauchy and Bessel inequality]




If S is countably infinite . then we can write

S ={eey...., ...} inthiscase

il e e)| = 2izq |(x, e) (v, e)|

Since the inequality (1) is true for all n.

So it must be true in the limit hence we have

Yieq |G e e)| < x|l |yl ----(2)

From (2) we get X.;2, |(x, e;)(y, ;)| is convergent

And so it is absolutely convergent.

Therefore ;21 [(x,e) (v, e)| < x|l llyll .

END.



