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Theorem :   (Urysohn's lemma) : If A and B are disjoint closed 

subsets of a normal space X. Then there exists a 

continuous real function 𝒇 from X into [0, 1] such 

that 𝒇 𝑨 = {𝟎} and 𝒇 𝑩 =  𝟏 .  

 

Proof : Since A and B are disjoint, then 𝐴 ∩ 𝐵 = ∅, So 𝐴  𝐵𝑐 . . 

Since B is closed, Hence 𝐵𝑐  is an open set containing the closed set 

A, So there exists an open set 𝐺1

2

  such that 𝐴    𝐺1

2
  
    𝐺 1

2

    𝐵𝑐   

Now 𝐺 1
2

  is an open set containing the closed set A and 𝐵𝑐  and 𝐵𝑐  is 

an open set containing the closed set 𝐺 1
2

 So there exists open sets  𝐺1

4

, 

𝐺3

4

  such that 

𝐴   𝐺1
4

    𝐺 1
4

   𝐺1
2

  𝐺 1
2

    𝐺3
4

   𝐺 3
4

   𝐵𝑐  

continuing this process for each dyadic rational number of the form 

𝑙 =
𝑚

2𝑛
, (where n = 1, 2, 3 ……… and m = 1, 2, ….,   2𝑛 − 1) of  [0, 

1] we obtain an open set of the form G such that 𝑟, 𝑠 ∈ [0,1]  with 

𝑟 < 𝑠  𝐴    𝐺𝑟     𝐺 
𝑟    𝐺𝑠    𝐺 

𝑠    𝐵𝑐 , Let D be the set of all 

dyadic rational numbers in  [0,1] 

Now we define a function 𝑓 ∶ 𝑋 →  0, 1   

 by 𝑓 𝑥 = 1 if  𝑥 ∈ 𝐵 

      = inf   𝑟 ∈ 𝐷 ∶ 𝑥 ∈  𝐺𝑟   if 𝑥  𝐵. 
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if 𝑥 ∈ 𝐴 then 𝑥 ∈ 𝐺𝑟    for all 𝑟 ∈ 𝐷 

Hence, 𝑓 𝑥 = inf  𝐷 = 0 

Therefore, 𝑓 𝑥 = 0    if 𝑥 ∈ 𝐴 

     = 1    if 𝑥 ∈ 𝐵 

Thus 𝑓 𝐴 = {0}   and   𝑓 𝐵 = {1} 

It remains to prove that 𝑓 is continuous on X. 

Since the intervals [0, 𝑎[  and ] b, 1] (where 0 < 𝑎,   b <1)  form an 

open subbase for the subspace [0, 1]  of the real line R. 

It is sufficient to prove that  

 𝑓−1   0, 𝑎       and   𝑓−1  ]𝑏, 1]    are open sets in X 

We have, 

0 ≤   𝑓 𝑥 < 𝑎    iff 𝑥 ∈ 𝐺𝑟    for some 𝑟 < 𝑎 

For if 𝑥 ∈ 𝐺𝑟     for some 𝑟 < 𝑎, Then by the definition of infimum 

there exists some 𝑟 ∈ 𝐷, such that 𝑓 𝑥 ≤ 𝑟 ≤ 𝑎 from which 𝑥 ∈ 𝐺𝑟  

Thus 𝑓−1  [0, 𝑎[  =   𝑥 ∈ 𝐺 ∶ 0 ≤ 𝑓 𝑥 < 𝑎  

         = 𝑈  𝐺𝑟 ∶ 𝑟 ∈ 𝐷, 𝑟 < 𝑎   

Thus   𝑓−1  [ 0, 𝑎 [   is open in  X  

Now we have to show that 𝑓−1  ]𝑏, 1 ]   is open in  X 
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Since   𝑓−1   𝑏, 1 ]) =  𝑓−1  0, 𝑏 𝑐  

Now,  We have,  

0 ≤ 𝑓 𝑥 ≤ 𝑏   iff 𝑥 ∈  𝐺𝑟   for all   𝑟 > 𝑏. 

For if 𝑥 ∈  𝐺𝑟   for all 𝑟 > 𝑏 

Then  𝑓 𝑥 ≤ 𝑟   for all 𝑟 > 𝑏,  Then 𝑓 𝑥 ≤ 𝑏   

Also  if 𝑓 𝑥 ≤ 𝑏   Then  𝑓 𝑥 < 𝑟 

Hence  

𝑓−1   0, 𝑏    =  𝑥  ∈ 𝑋 ∶ 0 ≤ 𝑓 𝑥 ≤ 𝑏  

= ∩   𝐺𝑟 ∶   𝑟 ∈ 𝐷, 𝑟 > 𝑏     ……… (i) 

Now for every 𝑟 > 𝑏,  there exists an 𝑆 ∈ 𝐷  such that 𝑟 > 𝑠 > 𝑏  

and hence  𝐺𝑟    𝐺 
𝑠 

Consequently, 

∩   𝐺𝑟 ∶   𝑟 ∈ 𝐷, 𝑟 > 𝑏 = ∩  𝐺 
𝑠 ∶   𝑠 ∈ 𝐷, 𝑠 > 𝑏    ……….. (ii) 

𝑓−1  ] 𝑏, 1 ] =  ∩   𝐺 
𝑠 ∶ 𝑠 ∈ 𝐷, 𝑠 > 𝑏  𝑐      (from (i) and (ii)) 

= ∪   𝐺 
𝑠
𝑐 ∶ 𝑠 ∈ 𝐷, 𝑠 > 𝑏      

Hence,  𝑓−1 ] 𝑏, 1]   is an open set in X 

It proves 
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Theorem : If A and B are disjoint closed subsets of a normal 

space X and [𝒂, b] be any closed and bounded 

interval on the real line R. Then, there exists a 

continuous function 𝒇 ∶ 𝑿 → [ 𝒂, 𝒃 ]  such that 

𝒇 𝑨 = {𝒂}  and 𝒇 𝑩 = {𝒃} 

 

Proof : If 𝑎 = 𝑏, then we define a function 𝑓 on X by 𝑓 𝑥 = 𝑎  for 

all 𝑥 ∈ 𝑋, then the results holds. 

If 𝑎 < 𝑏, then by Urysohn's lemma, there exists a continuous real 

function 𝑔 ∶ 𝑋 → [0, 1] such that 𝑔 𝐴 = {0}   and  𝑔 𝐵 = {1} 

Now we define a function 𝑓 on X  

 

by 𝑓 𝑥 =  𝑏 − 𝑎  𝑔 𝑥 + 𝑎 for all 𝑥 ∈ 𝑋  ……. (i) 

Since   0 ≤ 𝑔 𝑥 ≤ 1 

 

   𝑏 − 𝑎 . 0 ≤  𝑏 − 𝑎 . 𝑔 𝑥 ≤  𝑏 − 𝑎 . 1  

  0 ≤  𝑏 − 𝑎  𝑔 𝑥 ≤ 𝑏 − 𝑎  

  0 + 𝑎 ≤  𝑏 − 𝑎  𝑔 𝑥 + 𝑎 ≤ 𝑏 − 𝑎 + 𝑎  

  𝑎 ≤ 𝑓 𝑥 ≤ 𝑏  

Thus 𝑓 is a function from X to [𝑎, 𝑏] 



6 | P a g e  
 

 

Again, since 𝑔 is continuous so 𝑓 is also continuous on X. 

Now if 𝑥 ∈ 𝐴     𝑔 𝑥 = 0 

  𝑓 𝑥 = 𝑎   [from (i)] 

if 𝑥 ∈ 𝐵      𝑔 𝑥 = 1 

  𝑓 𝑥 = 𝑏     [from (i)] 

Thus  𝑓 𝐴 =  𝑎    and 𝑓 𝐵 = {𝑏} 

It proves. 


