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Topic: Problem on projections 

Theorem: If 𝑃 and 𝑄 are the projections on closed linear  

  subspaces 𝑀 𝑎𝑛𝑑 𝑁 𝑜𝑓 𝐻.  Then prove that  

  𝑄 − 𝑃 is a projection⇔ 𝑃 ≤ 𝑄. In this case show that 

  𝑄 − 𝑃 is the projection on  𝑁 ∩ 𝑀⊥. 

Proof: Since 𝑃 and 𝑄 are the projections on the Hilbert 

space 𝐻. So 𝑃2 = 𝑃, 𝑃∗ = 𝑃, 𝑄2 = 𝑄, 𝑄∗ = 𝑄 . 

Now suppose that 𝑄 − 𝑃 is a projection on 𝐻. 

To prove 𝑃 ≤ 𝑄. 

 Since 𝑄 − 𝑃 is a projection on 𝐻. 𝑆𝑜 𝑄 − 𝑃 is a positive  

operator on 𝐻 . 



so we have  𝑄 − 𝑃 ≥ 0⇒  𝑃 ≤ 𝑄.  

Conversely suppose that 𝑃 ≤ 𝑄.  

To prove 𝑄 − 𝑃 is a projection on 𝐻. 

                   (𝑄 − 𝑃)∗ = 𝑄∗ − 𝑃∗ = 𝑄 − 𝑃 

And     (𝑄 − 𝑃)2 = (𝑄 − 𝑃)(𝑄 − 𝑃) 

= 𝑄2 − 𝑄𝑃 − 𝑃𝑄 + 𝑃2 

                              = 𝑄 − 𝑃 − 𝑃 + 𝑃 

                              = 𝑄 − 𝑃 

              Hence 𝑄 − 𝑃 is a projection on 𝐻. 

 It remains to prove that  𝑄 − 𝑃 is the projection on 𝑁 ∩

𝑀⊥.  

i.e the range of 𝑄 − 𝑃 𝑖𝑠 𝑁 ∩ 𝑀⊥.  

Let 𝑅 be the range of 𝑄 − 𝑃.To prove that  𝑅 = 𝑁 ∩ 𝑀⊥.  

Let 𝑥 ∈ 𝑁 ∩ 𝑀⊥⇒ 𝑥 ∈ 𝑁𝑎𝑛𝑑 𝑥 ∈ 𝑀⊥ 

Now (𝑄 − 𝑃)(𝑥) = 𝑄𝑥 − 𝑃𝑥 

= 𝑥 − 𝑃𝑥 

= 𝑥 − 0 = 𝑥 



                    ⇒ 𝑥 ∈ 𝑅.  [Since (𝑄 − 𝑃)(𝑥) ∈ 𝑅] 

So  𝑁 ∩ 𝑀⊥ ⊆ 𝑅……..(1)  

Again let  𝑥 ∈ 𝑅 then (𝑄 − 𝑃)(𝑥) = 𝑥 

⇒ 𝑄[(𝑄 − 𝑃)]𝑥 = 𝑄𝑥 

⇒ (𝑄2)𝑥 − 𝑄𝑃𝑥 = 𝑄𝑥 

                                 ⇒ 𝑄𝑥 − 𝑃𝑥 = 𝑄𝑥 

⇒ (𝑄 − 𝑃)(𝑥) = 𝑄𝑥 

                                  ⇒ 𝑥 = 𝑄𝑥 

                                    ⇒ 𝑥 ∈ 𝑁. 

               Again  (𝑄 − 𝑃)(𝑥) = 𝑥 

⇒ 𝑃[(𝑄 − 𝑃)]𝑥 = 𝑃𝑥 

⇒ 𝑃𝑄𝑥 − (𝑃2)𝑥 = 𝑃𝑥 

                                 ⇒ 𝑃𝑥 − 𝑃𝑥 = 𝑃𝑥 

⇒ (𝑄 − 𝑃)(𝑥) = 𝑄𝑥 

                                  ⇒ 𝑃𝑥 = 0 

                                    ⇒ 𝑥 ∈ 𝑀⊥ . 

     𝐻𝑒𝑛𝑐𝑒 𝑥 ∈  𝑁 ∩ 𝑀⊥. 



                 So       𝑅 ⊆ 𝑁 ∩ 𝑀⊥.……………..(2) 

From (1) and (2) we get   𝑅 =  𝑁 ∩ 𝑀⊥ 

 Hence  𝑄 − 𝑃 is the projection on 𝑁 ∩ 𝑀⊥.   

 

 

 

                                  END. 

 

 

 

 

 

 


